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CHAPTER  I 
INTRODUCTION 

Pavements  are  complex  structural  systems  involving  many  variables 
such  as  load  combinations,  materials,  geometric  configurations,  construction, 
environment  and  performance.    The  rational  design  of  these  structures  must 
lead  to  the  prediction  of  their  performance  during  their  service  life  as  well 
as  the  prevention  of  catastrophic  failures. 

Due  to  destructive  action  of  traffic  and  environment,  the  structural 
integrity  of  a  pavement  is  damaged  by  serveral  distress  mechanisms  developed 
within  the  structure  and  which  propagate  either  independently  or  interacting  to 
finally  produce  disintegration,  distorion  and/or  fracture. 

The  structural  damage  in  flexible  pavements  appears  in  two  main 
forms:  cracking  and  permanent  deformation  (1)*,  both  of  which  are  due  to 
load  repetitions  or  environmental  factors.    Damage  associated  with  permanent 
deformation  is  believed  to  be  due  to  shear  distortion  or  volumetric  changes. 
Cracking  due  to  load  repetitions  occurs  primarily  as  a  result  of  bending  deflec- 
tions and  this  type  of  distress  is  often  referred  to  as  fatigue  failure  (2). 

The  problem  of  failures  resulting  from  repeated  flexure,  i.e. ,  fatigue 
failures  have  been  under  intensive  study  in  the  past  decades.    These  studies 


*Numbers  in  parentheses  refer  to  the  reference  numbers  at  the  end 
of  the  text. 


have  led  to  the  development  of  two  independent  methods  of  analysis  (3) — the 
phenomenological  and  the  mechanistic  approaches. 

The  phenomenological  approach,  credited  to  Monismith  (4,  5,  6),  Pell 
(7,  8)  and  other  (9,10)  relates  the  fatigue  life  of  a  flexible  pavement,  Nf,  to 
the  maximum  tensile  stress,  tr,  or  tensile  strain,  e  ,  developed  in  the  under- 
side of  the  bituminous  layer  by  semi-empirical  relations  of  the  form: 

1      ml 
Nf    =    c.  (  —   )  for  controlled  stress  tests, 

0" 

1       m9 

and  N^    -    c2  ( —   )     *       for  controlled  strain  tests, 

where  c^,  c^t  ml>  m2»  are  constants  to  be  determined  experimentally  on 
simply- supported  or  cantilever  beams. 

The  method  was  developed  as  a  laboratory  investigation  that  followed 
field  observations  and  although  it  is  reasonabley  simple,  it  has  serious  limita- 
tions.   Firstly,  the  load  and  boundary  conditions  of  a  simply- supported  or 
cantilever  beams  are  quite  different  from  those  of  a  full-scale  pavement. 
Secondly,  the  interpretations  of  the  test  results  is  influenced  by  the  mode  of 
loading.     Finally,  and  most  important,  the  method  fails  to  recognize  the  role 
played  by  crack  propagation  and  the  consequent  redistribution  of  stresses  in 
the  fatigue  of  pavements. 

The  mechanistic  approach  utilizes  the  principles  of  fracture  mechanics 
to  explain  the  mechanism  of  damage  and  the  prediction  of  the  fatigue  life  of 
pavements.    This  method,  which  was  developed  at  the  Ohio  State  University 
(11,   12,13, 14, 15, 16),  considers  fatigue  of  asphaltic  mixtures  as  a  process  of 


damage  where  under  a  given  state  of  stresses  damage  grows  according  to  a 
crack  propagation  law  from  an  initial  stage  to  a  critical  and  final  level. 

Basically,  it  has  been  shown  that  for  three  different  systems,  simply- 
supported  beams,  beams  on  an  elastic  foundation  and  slabs  resting  on  an  elastic 

foundation,  subjected  to  repeated  loads  of  constant  magnitude,  the  rate  of  crack 

dc 
propagation, ,  follows  the  theoretical  relation  (17,  18,19,20) 

dN 

A9-  =    A  Kn 
dN 

where   n   =    4,  for  mixtures  reported  in  this  study 

K  =    stress-intensity-factor 

A  =    constant  of  the  material, 
and  that  the  critical  value  of  the  stress-intensity  factor,  K-^c,  a  materials  con- 
stant, is  the  failure  criterion  for  both  fracture  and  fatigue. 

In  this  method,  the  prediction  of  the  fatigue  life  of  pavements  from  labora- 
tory tests  is  independent  of  mode  of  loading  or  specimen  geometry.    Failure  by 
cracking  is  defined  in  terms  of  the  stress-intensity  factor  and  catastrophic 
failure  by  the  critical  stress-intensity  factor. 

The  research  work  at  Ohio  State  University,  which  has  led  to  the  proposal 
of  a  method  of  analysis  and  design  of  multi-layered  pavement  systems  (15,16), 
was  basically  done  for  repeated  loads  of  constant  amptitude  and  at  room  tempera- 
ture.   It  is  the  purpose  of  this  report,  however,  to  investigate  the  applicability 
of  fracture  mechanics  concepts  to  explain  the  fatigue  behavior  of  flexible  pave- 
ments subjected  to  loads  of  variable  amptitude,  high  stress  levels  that  produce 


permanent  deformation,  and  temperatures  different  than  room  temperature. 
The  specific  objectives  of  this  study  can  be  summarized  as: 
(i)  review  of  literature 

(ii)         development  of  mathematical  relations  for; 

(a)  crack  problems  in  bonded  slabs 

(b)  crack  propagation  problem  when 
accompanied  with  permanent  deformation 

(c)  crack  propagation  at  different  temperatures 

(iii)        experimental  verification  of  developed  concepts, 

(iv)         development  of  design  guidelines  and  recommendations 
for  prediction  of  pavement  cracking. 


CHAPTER  II 

THE  MECHANISTIC  APPROACH  TO  THE  SOLUTION 
OF  CRACKING  IN  PAVEMENTS 

A.     Fracture  Mechanics  Concepts 

The  pheomeonon  of  fatigue  tackled  from  a  fracture  mechanics  view- 
point is  associated  with  the  concept  of  damage  or  those  internal  changes  in 
the  material  that  lead  to  formation  of  macroscopic  cracks.    The  fatigue  life 
is  defined  as  the  time  period  during  which  damage,  i.e. ,  cracking  in  a  mate- 
rial body  subjected  to  a  given  state  of  stresses,  grows  from  an  initial  level, 
to  a  critical  and  final  level.    So,  the  occurrence  of  fatigue  failure  is  a  result 
of  two  separate  processes;  damage  initiation  and  damage  growth. 

In  paving  mixtures  the  initial  state  of  damage  can  be  represented  by 
those  surface  and  internal  flaws  and  microcracks  which  vary  statistically 
within  the  material.    The  final  state  can  be  described  by  one  or  a  number  of 
cracks  of  critical  dimensions  and  patterns.    However,  knowledge  of  the  initial 
and  final  states  are  not  sufficient  for  determining  the  fatigue  life.    It  is  essen- 
tial that  the  law  governing  the  damage  growth  is  known  in  terms  of  the  material 
properties,  stress  level  and  boundary  conditions. 

The  processes  of  crack  initiation  and  growth  differ  among  various  mate- 
rials.   In  materials  that  have  inherent  flaws  such  as  polymers,  certain  alloys 
and  bituminous  mixtures,  the  fatigue  cracks  initiate  at  the  first  few  cycles  of 
load  applications  (21).    The  inhomogeneities  and  flaws,  which  serve  as  stress 


concentrators,  vary  statistically  in  size  and  distribution  and  this  can,  in 
fact,  account  for  statistical  variation  in  the  fatigue  life. 

The  mechanism  of  the  fatigue  crack  growth  can  be  explained  in  terms 
of  the  energy  balance  at  the  tip  of  the  discontinuities.    The  work  of  external 
forces  at  the  crack  tip  is  divided  into  stored  elastic  energy,  surface  energy 
required  to  form  cracks,  and  deformation  energy  required  for  irreversible 
changes  in  the  material  body  as  plastic  and  viscous  flow. 

During  a  cyclic  deformation,  a  crack  will  undergo  a  phenomenon  of 
blunting  and  resharpening,  resulting  in  crack  growth  through  the  body.    In 
tensile  loading  cycles,  the  crack  tip  tends  to  open  first  and  then  becomes 
blunted  as  the  plastic  zone  forms  ahead  of  the  crack  tip.    During  the  unloading 
cycle,  the  elastic  contraction  of  the  material  surrounding  the  crack  imposes 
residual  compressive  stress  on  the  plastically  deformed  material  at  the  crack 
tip.    This  reduces  ductility  and  resharpens  the  crack  which  aids  the  growth 
in  the  next  loading  cycle.    This  process  leads  to  slow  crack  growth  until  the 
crack  reaches  a  critical  size,  and  the  induced  state  of  stress  results  in  struc- 
tural instability  of  the  terminal  event  of  fracture. 

The  fundamentals  of  fracture  mechanics  were  developed  from  Griffith's 
classical  theory  of  brittle  fracture.    Irwin  and  Kies  extended  Griffith's  theory 
for  the  fracture- strength  analysis  for  materials  having  substantial  amounts  of 
plastic  strain,  as  long  as  fracture  occurred  in  advance  of  yielding.    Most  of 


the  development  of  fracture  mechanics  is  due  to  Irwin  who  invented  the  concept 
of  the  stress-intensity  factor,  to  define  the  stress  field  near  a  crack  tip. 

All  linear  elastic  solutions  to  problems  involving  cracks  in  homogeneous 
isotropic  materials  shown  an  inverse  square  root  dependency  of  the  crack  tip 
stress  singularity  (22) .    The  stress  distribution  of  the  end  of  a  crack  has  been 
shown  by  Irwin  to  take  the  form: 


°ij=    r~* 


Kl  fij  <e>    +    Kll  fij  <e  >    +K111   fij      (0) 


+    other  terms  nonsingular  at  the  crack  tip  (2. 1) 

where  r  and  9  are  polar  coordinates  introduced  at  the  crack  tip  (Figure  2. 1). 
The  symbols  1,  11,  111,  pertain  to  three  distinct  modes  according  to  whether 
the  resulting  displacements  at  the  crack  tip  contribute  to  opening  (Mode  1),  in- 
plane  sliding  (Mode  11),  or  tearing  (Mode  111),  or  modes  of  relative  displacement 
of  the  crack  surfaces  (Figure  2.  l).  The  dimensionless  functions  fy  ,  fjj  ,  and  fjj 
depend  on  the  orientation  of  the  angle  9  only,  and  Kj  ,  K^  ,  and  K^  are  the 
stress-intensity  factors  related  to  the  three  modes  of  crack  tip  deformation. 

Hence,  the  elastic  stress  field  surrounding  the  tip  of  a  crack,  where 
the  crack  plane  is  a  plane  of  symmetry,  and  for  small  scale  yielding,  can  be 
expressed  as  follows: 

For  Mode  1: 

<rx   '  1  -  sin  _       sin 

o-.,  )   =   K,  (27rr)~2    cos§         (    1+  sin  f.       sin  -^-  )  <2,2> 

Txy 


2 

2 

1  +  sin 

e 

2 

sin 

3fi 
2 

sin  | 
2 

cos 

39 
2 

MODE    I 

Tension  Normal 
to  the   Faces 


MODE     II 
Normal   Shear 


MODE    III 
Parallel  Shear 


Figure  2.1.    Modes  of  Deformation  of  a  Crack 


For  Mode  11  fracture,  the  elastic  stress  field  at  the  crack  tip  can  be  written 


as: 


xx 
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The  stress-intensity-factor,  K,  has  also  been  shown  to  be  related 
to  the  strain  energy  release  rate,  G,  which  was  introduced  by  Griffith,  accord- 


ing to  the  following  equations: 

9             GE 
K2    = 2 

(i-/n 


K      =     GE 


for  plane  strain 
for  plane  stress 


(2.4) 


where  E  is  the  Young  modulus,  n  the  Poisson's  ratio  and  G  = ,  the  strain 

energy  release  rate,  which  may  also  be  considered  as  the  crack  extension  force. 
Therefore,  K  is  a  very  important  parameter  since  it  not  only  defines  the  stress 
field  at  the  vicinity  of  the  crack  tip  in  accordance  with  load,  geometry  and  bound- 
ary conditions,  but  is  also  proportional  to  the  force  that  causes  crack  growth. 
And  when  the  crack  reaches  a  critical  size,  at  the  onset  of  rapid  growth,  the 
critical  value  of  K,  designated  as  the  critical  stress-intensity  factor,  Kc  was 

found  to  be  a  materials  property. 

It  should  be  noted  that  the  use  of  Mode  1  fracture  concept  is  applicable 
only  when  the  crack  propagation  direction  remains  perpendicular  to  the  direction 


of  the  principle  stress  responsible  for  the  crack  opening.    It  has  been  shown 
that  for  mixtures  with  large  size  aggregate,  when  tested  as  a  beam  on  elastic 
foundation,  the  crack  surface  follows  a  zig-zag  pattern  and  as  a  result,  the 
stress  component  cr™  responsible  for  the  crack  growth  would  no  longer  remain 
perpendicular  to  the  crack  surface. 

Under  such  conditions,  the  stress  state  ahead  of  the  crack  will  be 
governed  by  two  stress-intensity  factors  (K^  and  K^)  instead  of  a  simple 
parameter  K.    The  elastic  stress  distribution  at  the  crack  tip  can  be  written 


as: 


K, 
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K, 


xy 


cos  —  sin  _  cos  _ §.       + 


K 


V2^ 


cos  §    (1  -  sin  £  sin  15.  ) 


V2~F  2  2  2 

where    K1  =  \/7T~K^    ,    K2=  v^K^ . 

Under  such  a  state  of  stress,  the  failure  condition  can  be  evaluated 
using  the  energy  concept.    Considering  that  strain  energy  of  the  system  in  the 
crack  vicinity,  </> ,  can  be  expressed  in  terms  of  stresses,  for  an  element  r  a  0  , 
A  r  ahead  of  the  crack  tip  the  strain  energy  function  is: 


_d0 
dA 


1  +  n 

2E 


xx 


+    (rvv      -n  (o-xx  +  erw)     +2t 


yy 


xx     "yy/ 


xy 


(2.6) 


then  by  inserting  the  stress  components  from  the  previous  equation  (2.5) 


d<f> 
dA 


A11K12  +  A22K22  +  2A12K1K2 


(2.7) 
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where  the  term  in  the  bracket  is  defined  as  strain  energy  density  factor  S, 


S    =    AnKl2   +  A22  K22  +  2  A12  K±  K2 


(2.8) 


^■11»  ^22  ana"  ^-12  are  constants  related  to  the  elastic  parameters  and  element 
direction  as  given  by 


All    =    -tiL 
11  8E 

1-LJL 


(3  -  Ail  -  cos  9)  (1  +  cos  9) 


L12 


4E 


sin  9 


A22    ~ 

8E 


cos  9  -  (1  -  2ju) 


(2.9) 


4  (1  -  ^)  (1  -  cos  9)    +    (1  +  cos  9)  (cos  39  -  1) 


For  the  condition  that  all  three  modes  of  fracture  are  present,  S  is  written  as 

S    =    K1XK^  +  A22K22  +  A33K32  +  2  A12KX  K2  (2.10) 

where  A33   =    -^  . 

If  the  loading  condition  and  crack  propagation  is  such  that  mode  1  analysis 
applies,  then 


or 


1  -  2m 

S    =      47TG        Kl 

s  =  AIUIULzJlBL  k 

277"  E  l 


(2.11) 


When  unstable  crack  extension  or  failure  occurs,  the  parameter  S  approaches 
its  critical  value  given  by  Sc, 

(2.12) 


s    =  Sl+jm-ML  Ki 

2  tt  E  1C 


where  in  this  case  Sc  is  a  material  constant. 

It  should  be  pointed  out  that  recent  observation  on  the  crack  propagation  of 
sand  asphalt  beams  on  elastic  foundation  have  shown  that  the  mode  1  fracture  analysis 
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is  applicable.    On  the  other  hand,  for  mixtures  with  large  aggregate  size,  the 
analysis  must  incorporate  the  effect  of  mode  11  fracture.     For  the  crack  problem 
related  to  bending  of  slabs  on  elastic  foundation,  the  mode  11  fracture  has  been 
considered  when  applicable. 

B.    The  Mechanistic  Approach 

In  the  mechanistic  approach,  the  fatigue  phenomena  in  pavement  mate- 
rials is  presented  as  a  process  of  damage.    It  postulates  that  the  fatigue  life, 
Nf,  of  asphaltic  mixtures  can  be  described  by  three  processes;  damage  initia- 
tion, growth  and  final  failure,  or  it  can  be  represented  by  the  following  para- 
metric equation: 


co»  (A,  n, 


(2.13) 


Nf   =    F       c0,  (A,  n,  AK),  Kc 

The  parameter  cQ  is  associated  with  the  process  of  crack  initiation, 
and  may  be  considered  as  the  "starter  flaw"  from  which  the  crack  will  propa- 
gate.   This  parameter  cannot  be  measured  directly  and  should  be  determined 
experimentally.    It  is  believed  to  be  principally  responsible  for  the  statistical 
variation  in  the  service  life  of  a  mixture. 

The  second  parameter  set  (A,  n,  K)  expresses  the  process  of  crack 
growth  in  the  material  system  accordingly.    The  application  of  the  concept  of 
stress-intensity-factor  to  study  the  rate  of  growth  of  fatigue  cracks  was  first 

introduced  by  Paris,  Gomes  and  Anderson  (17).    Later  Paris  and  Erdogan  (19) 

dc 
found  from  experimental  data  that  the  rate  of  crack  propagation,  ,  was 
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proportional  to  the  fourth  power  of  K  for  a  number  of  materials.    This  law, 
known  as  Paris'  law,  is  expressed  as: 

-~   -    A(AK)n  (2.14) 

where  A  is  a  constant  and  n  =  4  for  sand  asphalt  mixtures. 

This  fourth  power  law  has  also  been  justified  in  terms  of  energy 
absorption  within  the  plastic  zone  ahead  of  the  tip  of  the  crack  (20) ,  and  also 
Rice  (23)  derived  Paris'  expression  using  a  rigid  plastic  model,  which  assumes 
that  the  plastic  deformation  is  limited  to  a  strip  of  material  ahead  of  the  crack 
tip. 

The  terminal  event  of  fracture,  when  the  internal  flaws  have  reached 
a  critical  size,  cf,  is  represented  by  the  critical  stress-intensity   factor,  K  . 

Utilizing  the  crack  growth  law  presented  in  equation  (2. 14)  and  considering 
the  process  explained,  the  fatigue  life  can  be  expressed  as: 


f 


f      i 


N£   =  „       do  (2.15) 

c. 


in  which  it  is  assumed  that  the  crack  growth  law  is  applicable  from  the  first 
loading  cycle,  and  continues  until  failure  occurs  by  brittle  fracture  at  a  critical 
crack,  Cf .    In  order  to  predict  the  fatigue  life  then,  it  is  necessary  to  determine 
the  crack  growth  parameters,  A,  n,  aK  and  c0. 

The  applicability  of  the  mechanistic  approach  involves  two  important 
assumptions  made  in  the  theoretical  concepts.     First,  the  material  has  to  be 
homogeneous,  isotropic  and  essentially  elastic-plastic,  and  secondly,  the  size 
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of  the  plastic  zone  at  the  tip  of  the  crack  must  be  small  in  comparison  to 
the  crack  size  and  specimen  dimensions. 

The  first  assumption  is  generally  accepted  for  asphaltic  materials  pro- 
vided that  the  rate  of  loading  is  large  and  the  temperature  is  not  very  high. 

With  respect  to  the  second  assumption,  Strawley  and  Roberts  (24)  esta- 
blished criteria  for  the  crack  length,  width  and  depth  of  the  beam  to  ensure 
plane  strain  conditions  and  the  applicability  of  linear  elastic  fracture  mechanics. 
Using  the  estimate  of  the  size  of  the  plastic  zone,  w,  given  by  the  general 
formula 
For  Plane  Strain: 


w„    =  — 

y      2 


-^— j       |kx2  cos2  I    |(1  -  2ju)2  +  3  sin2  §1+  K±  K2  sin  0       (2.16) 
|3cos  e  -  (1  -  2jh)      +  K2    |3  +  sin  -    (1  -  2ju)     -  9cos  £  1+  3  K, 


2 

L3 


For  Plane  Stress: 

w     =  T~        2      {  Ki    cos2  2    (!  +  3  sin2  2")  +  Kl  K2  sin  e  <3  cos  e  -  !) 


+  K22  [3  +  sin2  I  (1  -  9  cos  |  ) 


(2.17) 


For  a  two-dimensional  problem  where  the  effect  of  mode  111  fracture  is 
neglected  and  the  9=0,  the  following  is  obtained 
For  Plane  Strain: 


wy 


=  7-7T    [Kl     (1  "  2^)     +  3  (K22   +  K32)]  (2.18) 
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For  Plane  Stress: 


2  2 

K±    +  3  Kg 


(2.19) 


For  mode  1,  these  fracture  equations  are  reduced  to 
For  Plane  Strain: 


(1  -  2ju)2 


w     = 

y        277 


For  Plane  Stress: 


K_i_ 


(2.20) 


w 


_     1 


y  2  7T    l    °"y 


K, 


(2.21) 


where  cry  is  the  yield  stress  in  tension.    In  the  fracture  toughness  evaluation 

of  beam  specimens,  it  has  been  shown  that  crack  length  and  the  thickness  of 

.  Ki\2 
test  specimens  must  be  equal  or  greater  than  2.5 


m 


With  respect  to  the  effect  of  plastic  zone  on  the  stress  intensity  factor, 
Irwin  has  presented  a  semi-empirical  adjustment  to  the  elastic  stress  intensity 
factor.    It  is  assumed  that  the  effective  crack  length  is  increased  by  an  amount 
comparable  to  the  size  of  the  plastic  zone. 

The  modified  elastic  stress  intensity  factor  can  be  written  as: 

K, 


K 


modified      _' 


"elastic 


i--i(-yx.)2 


(2.22) 


where  <r      is  applied  tensile  stress  and  <r    is  yield  stress  for  the  material. 

yy       PF  y     J 

The  analysis  by  Hilton  and  Hutchinson  (25)  has  indicated  that  at  an  applied 
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tensile  stress  level  of  half  the  yield  stress,  the  elastic-plastic  boundary  is 

already  exceeding  40%  of  the  crack  length.    Even  with  such  a  limitation,  the 

elastic  fracture  mechanics  gives  a  rather  accurate  prediction  of  crack 

initiation. 

C .    Determination  of  the  Stress-Intensity  Factor 

Throughout  the  available  literature  on  fracture  mechanics,  one  finds 
various  analytical  methods  that  have  been  developed  to  determine  the  stress- 
intensity-factor,  K,  for  a  given  geometric  configuration,  crack  size  and  bound- 
ary condition.    In  this  section,  a  brief  review  of  the  methods  available  to  deter- 
mine K  for  various  test  configurations  is  presented. 

The  K  value  for  a  simply- supported  beam  with  a  central    load  can  be 
determined  experimentally  from  tests  using  Winne  and  Wundt's  equation  (26) 

Kl      =   °n2   (X  -  ^)  h    f  (°/d)  (2-23) 

6M 

where   ov,    =   nominal  bending  stress  at  the  root  of  the  notch  =  .  , .        o 
n  b(d-c) 

PI 

M    =   bending  moment 


4 

v  -  Poisson's  ratio 

P  =  Load 

1  =  Span 

b  =  Width  of  the  beam 

c  =  Crack  depth 

f(c/d)  =  a  function  of  the  geometry  given  in  reference  (26) 
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Experimentally,  the  stress-intensity  factor,  K,  for  any  type  of  load- 
ing configuration,  crack  pattern  and  geometry  can  be  determined  by  a  very 
simple  procedure.    This  is  done  by  measuring  the  change  in  deflection  as  the 
cracks  grow  and  applying  the  formula, 

„  P2E  5l 

Kz    =  9~        ~i —  (2.24) 

2(1-/)  Oc 

where    P  =  load 

E  =  Young's  modulus 

v  =  Poisson's  ratio 

L  =  compliance,  or  th    inverse  slope  in  the  load/deflection  diagram 

c  =  crack  length. 

Similarly,  K,  can  be  determined  from  Strawley's  (27)  approach  in 

o 
which  the  square  of  dimensionless  stress-intensity  factor,  Y  ,  is  determined 

in  terms  of  c/d  ratio  using  the  boundary  collocation  method: 

o         K2  d3  b2       _    16  K2  d3  b2 

Y     =   5 ~~ 2~2 (2-25) 

lit  PZt 

The  results  of  this  analysis  are  presented  graphically  in  Figure  2.2. 
Finite  element  method  has  been  used  to  develop  a  similar  non-dimensionalized 
relation  between  the  stress-intensity-factor,  K,  load  and  beam  geometries. 

The  stress-intensity  factor,  K-value,  for  a  beam  on  an  elastic  foundation 
with  a  central  load  was  obtained  by  Ramsamooj  (14),  using  the  boundary  colloca- 
tion method.    Similarly,  a  finite  element  program  has  been  developed  to  calcu- 
late K  for  any  crack  size,  and  it  is  presented  in  reference  (15). 
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Figure  2.2.    Dimensionless  Stress-Intensity  Factor  for  a  Simply- Supported  Beam 
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The  stresses  in  a  slab  with  a  semi-infinite  crack  resting  on  an  elastic 
foundation  are  obtained  using  the  solution  developed  by  Williams,  Ang  and 
Folias  (28).    Ramsamooj  (14)  obtained  a  solution  for  the  K- values  under  a 
moving  load.    The  computer  program  that  performs  such  calculations  was 
recently  revised  by  Bokowski  (39)  and  in  its  new  version  is  presented  in 
Appendix  D. 

The  revised  computer  program  incorporates  the  improvements  made 
on  the  development  of  mathematical  expressions  for  moment  function  and 
stresses  at  the  bottom  and  top  surfaces  of  the  slab.    As  has  been  shown  in 
references  (14,15),  the  deflection  w(r),  bending  moment  My(x,o)  and  equiva- 
lent shear  Vy(x,o),  for  a  slab  supported  on  an  elastic  foundation  of  modulus, 
k,  loaded  by  a  uniform  distributed  load  of  radius  a,  are: 


TTka  J  ( 


J\  (ma)  J0(mr) 


w(r)  -^—    /  -^ 4  . 4      -      dm  (2.26) 

q  1  +  m^  1* 


M  (x,o)    =    -D[-£-^   +  v    &-Z     )  ,    y   =   0  (2.27) 

y  \dy2  dx2     J 

Vy(x,o)    =    -D  (&2L  +    (2-v)    -2^_    j      ,    y  =  0  (2.28) 

\  dy3  ax2^y  / 


where    x  -  x   =    r  cos  0  ;  y  -  y  =  r  sin  9  ,  as  shown  in  Figure 

Equations  (2.26)  and  (2.27)  give  the  moment  My(x,o)  and  shear  Vy(x,o) 
along  the  crack  surface  as  the  load  moves  in  a  longitudinal  direction  from 
-00  to  +00.    To  improve  the  results  of  the  analysis,  the  following  improvement 
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has  been  recently  recommended  (30).    The  moment  function  can  be  expanded  in 
an  even  Fourier  expansion  given  by: 


My(x,o) 


=  -d|^P_ 


+  s 


n=l 


-in7Tx 


in  TTx 

_^IL     e      P         4-    m-n       e      P 
2  2 


I     (2. 


(2.29) 


The  stresses  at  the  top  and  bottom  surfaces  of  the  slab  are  given  in  reference 
(15)  as: 


xx 


-  r  (3/2)  Eh    uQ(l  +  i)  X2P0 
2i(l  +  y)        Xr 


2   (cos  *   +    sin  2- ) 


(2.30) 


-    cos  <p   (  cos  -^2.  +  sin-S_ 


+   r(3/2)Eh(l-i)X2Q0  r4  (2  -  „0)   (  cos 


0  ■       0   \ 

-2-  -  sin  —  ) 


2i(l  +  i/)         Xr 


yQ    cos  0  (  cos -^5   -  sin  $£- ) 


<x 


T(3/2)  Eh(l  +  i)  X2P0 


yy 


2i  (1  +  v)        Xr 


2  (4-  v 0)    (  cos  ^-   +    sin  2  )  -  vQ  cos  </> 


(  cos  1?  +  sinlr!.  )      i 
2  2 


(2.31) 


r  (3/2)  Eh(l-i)^QX^  QQ 


i  (1  +  ^)  VXr 


cos  <p   (cos——  -sm~ 
v         2  2 


where    E    =    Young's  modulus 
v    =    Poisson's  ratio 


%   =    1  ~  v 
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I- 


K  =    modulus  of  subgrade  reaction 
D 


E  h> 


12(1  -  v") 


h   =    thickness  of  the  slab 
0  =    90-0 
and  according  to  Ramsamooj  (30),  PQ  and  QQare  given  by: 

2  1 


Po    = 


00 

2 
n  =  -  oo 


2  7T  (4  -  ,0)  "o  V37'      J*E 


(4 


Vq)  VqY2 


27T(4-u0)v0  \< 


2  J^L    (1  +  i) 

2 


(1  +  i) 


(2 .  32) 


and 


mn 


Q, 


oo 
2 

n=-  oo 


2  7T(4-y0)»/0\ 


3/2/n7r\3/2  (1-1) 


-  \  vt~"  / 

_       27T(4-^0)  vQ  X3 


2  VC*T  n-i) 
2 


(2.33) 


nn 


when >    1    only  the  first  terms  of  P    and  Q    are  applicable,  and  when 

pX 


n7T 


— --  <    1     only  the  second  terms  are  applicable. 

pX  J  F 

The  stress-intensity  factors,  K-^g  and  K213  for  the  bending  of  the  slab, 
may  be  determined  from  the  relationship: 


°"xx  +  °yy 


(3  +  v) 


K 

V7TT 


ib  e 

cos  — 

2 


K2B       .      G 

sm  — 

2 


'7rr 


,  (z  =  h/2) 

(2 .  34) 
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Therefore: 

K      =      „    EhiitZi      x3/2     (1.„    p 
1  (1  +  v)  ° 

(2.35) 

,     (3  +  v)         3/2 
K^    =     n     Eh-^—- ^     X  (1  +  i)    (3 

1  (1  +  v)  ° 

It  should  be  noted  that  these  analyses  are  concerned  with  the  determina- 
tion of  stress-intensity  factor  for  a  semi-infinite  crack.    However,  the  result 
of  previous  research  (15)  has  indicated  that  during  fatigue  experiments,  usually 
four  radial  cracks  of  equal  length  are  developed.    In  the  analysis  of  crack  propa- 
gation presented  by  Ramsamooj  (14),  it  was  assumed  that  the  crack  tip    stress 
fields  are  independent.    It  has  also  been  considered  that  the  stress  field  of  each 
crack  is  confined  to  a  zone  of  radius  much  smaller  than  the  crack  itself.    With 
more  generality,  it  has  been  stated  that  the  crack  tip  stress  fields  are  independent 
providing  the  cracks  are  at  least  one  radian  apart.    Westmann  (31)  has  presented 
an  analytical  approach  for  calculation  of  stress-intensity-factor  as  affected  by 
multiple  equi-length  cracks. 

In  Westmann's  analysis,  it  is  assumed  that  the  elastic  plate  contains  n- 

27T 

line  cracks  of  length  c  radiating  from  a  common  point  and  having  angles  of 

between  adjacent  crack  flanks.    The  crack  faces  are  taken  to  be  shear  free,  and 
it  is  assumed  that  the  stress  field  vanishes  at  large  distances  from  the  crack. 
Utilizing  Mellin's  transform  and  its  inversion  formula,  integral  expressions 
for  the  stress  and  displacement  fields,  satisfying  the  condition  of  symmetry  and 
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shear  free  boundaries,  are  obtained.    The  crack  tip  stress  intensity  factor 
in  terms  of  numbers  of  cracks  is  given  by: 


K(n)    =  2T(3/4)    G(n) (2.36) 

n2    r(l  +  n-1)      r(l-n-1)      r  (i) 


where  G(n)  is  an  expression  related  to  n  and  integration  variables. 

The  numerical  evaluation  of  the  crack  tip  stress-intensity  factors  for 
various  numbers  of  equi- length  cracks  is  shown  in  Figure  (2.3).     For  large 
values  of  n,  an  asymptotic  expansion  of  K(n)  function  leads  to  the  following 
approximation: 


K(n)    X  I—  n  — *-  oo  (2.37) 


For  the  number  of  cracks  exceeding  six,  this  asymptotic  expansion  compares 
very  accurately  with  the  values  calculated  numerically.    It  is  noted  that  using 
Irwin's  correction  factor  for  n  =  4,  K(n)  =  0.71;   whereas  Westmann's  exact 
solution  provides  a  correction  factor  of  K(n)  =0.62  for  four  radial  cracks  of 
equal  length  and  angle. 

As  was  pointed  out  previously,  finite  element  method  can  also  be  used 
for  determination  of  stress  and  displacement  fields  and  the  stress-intensity 
factor.    The  results  of  analysis  using  a  two-dimensional  method  have  been 
shown  before  to  compare  rather  accurately  with  the  stress-intensity  factors 
determined  by  boundary  collocation  and  experimental  approach.    In  this  study, 
an  attempt  was  made  to  utilize  a  three-dimensional  program  to  determine  the 
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stress  and  displacement  fields  in  a  layered  pavement  system.    A  comparison 
of  the  stress  distribution  within  a  hypothetical  pavement  using  this  program 
and  the  multi-layered  elastic  analysis  (chevron)  have  been  presented  in  the 

Appendix  C.    Considering  the  accuracy  of  results  and  the  operational  cost,  the 
use  of  such  a  program  at  this  time  cannot  be  fully  justified. 

However,  for  the  analysis  of  reflection  cracking  and  the  study  of  up- 
ward crack  propagation  observed  directly  under  the  loaded  area,  a  prismatic 
finite  element  program  has  been  found  to  be  of  great  value.    This  method  of 
analysis  has  been  developed  with  consideration  that  in  many  physical  problems, 
the  geometry  and  material  properties  do  not  vary  along  one  of  the  coordinate 
directions;  whereas,  the  induced  loads  exhibit  a  variation  in  that  direction. 
In  such  cases  the  use  of  simplified  assumptions  and  a  two-dimensional  treat- 
ment of  the  problem  is  prohibited.    Therefore,  it  is  possible  to  consider  a 
"substitute"  problem,  not  involving  the  particular  coordinate  (along  which  the 
properties  do  not  vary) ,  and  to  synthesize  the  true  answer  from  a  series  of 
such  simplified  solutions. 

As  an  example,  consider  a  prismatic  space  illustrated  in  Figure  2.4 
Let  x,y,z  be  the  coordinates  describing  the  domain,  while  z  is  the  coordinate 
along  which  the  geometry  and  material  properties  do  not  change.    The  external 
load  can  be  expressed  as  Fourier  series  with  a  period  length  2L  in  z  direction 
given  by: 

<P>     =      X        ]An(      cos    ~ — ~  (2.38) 
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Figure  2.4.    A  Schematic  View  of  Prismatic  Finite  Element  Model 
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The  analysis  is  carried  out  for  every  Fourier  term  necessary  for 
adequate  representation  of  the  load.    Because  of  symmetry,  it  can  be  assumed 
that  the  displacements  u— in  x  direction  and  v— in  y  direction,  have  their  maxi- 
mum values  and  the  displacement  w— in  z  direction  is  equal  to  zero  at  planes 
z  =  0  and  z  =  2L.    It  can  be  further  assumed  that  the  x-  and  y-displacements 
vary  co-sinusoidally  and  the  z-displacement  varies  sinusoidally.    Therefore 
the  displacements  or  stresses  at  any  desired  z-position  can  be  obtained  as 
functions  of  those  components  in  x-y  plane.    For  analysis  purposes,  a  three- 
dimensional  problem  is  reduced  to  a  two-dimensional  with  reduction  in  com- 
putational efforts.    The  prismatic  finite  element  method  used  in  this  study 
utilizes  a  displacement  method  of  analysis.    To  calculate  displacements  at 
interior  points,  consider  a  triangular  prismatic  element  defined  by  a  set  of 
three  nodal  points  shown  in  Figure  2.5. 

Assuming  three  degrees  of  displacement  freedom  at  each  nodal  point, 
the  displacement  vector  for  any  interior  point  of  this  element  can  be  written 


as: 


v\  = 
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Figure  2.5.    Triangular  Prismatic  Elements  and  Nodal  Points 
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where  u  ,  v  ,  w     are  the  displacement  vectors  for  nodal  points  1,2,3  and 
£i  >  lo  »  £q    are  tne  triangular  coordintes  of  this  point  at  x-y  plane. 

Next,  assuming  infinitesimal  strain  state,  the  strain  field  in  a  car- 
tesian system  of  coordinates  is  given  by: 
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2A|i^cos   ^ 
1    L  L 


-2A^.nZT   sin  ^LUJl.         at    sin  R 


nTTz 


I, 


-aAl,^  sin  M2- 
L  L 


bi    sinM^ 
L 


(2 .  42) 


and  aj  ,  b^  are  the  global  dimensions  of  nodal  points  1,  2,  3. 

Furthermore,  the  analysis  requires  assumption  with  respect  to  the 
stress-strain  relation  of  the  material  investigated.     For  the  three-dimensional 
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problem,  the  linear  stress-strain  relationship  can  be  represented  by: 


x 


xy/  = 


yz 


zx 


Cll       C12       C13       C14       C15       C16 
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(2.43) 


Utilizing  the  variational  principal  of  the  potential  energy  for  an  elastic  solids, 
the  element  stiffness     K        is  determined  and  can  be  divided  into  four  parts 
as  given  by: 


M-/v  m°i*] 

m 


dV. 


m 


/l  T       T 

4A2    <Bi     B2      > 

=  [Kll]+[K12]+[Kl2]r  +[K22] 


£li     C12 

C21      C22 


Bl, 

B21 


(2 .  44) 


where  K,.  ,  K12,  K12     and  K22  are  four  components  of  element  stiffness  BC 


and 


U 


jU2  B^        =      (V2 


Vi 


(2.45) 


'3j  [v3' 

The  terms  Uj  ,  Vj   have  been  defined  previously.    The  components  of  element 
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stiffness  can  be  written  as: 


Kn  =  Til"/         [b^   [en]     [Bl]   d 

Vm 


Vm 


K12         1, 

m 


jjf  [Blf     [C12J       [B2]    dVm  (2.4S) 


1_  J        [b2J   [c22]     [b2] 


K22    =    -V  B2  C22  B2       dVm 


Utilizing  the  basic  formulation  concepts  discussed  previously,  a  com- 
puter program  has  been  developed  for  pavement  structural  analysis  (32) .    The 
accuracy  of  the  developed  program  has  been  investigated  by  comparing  the  cal- 
culated stress  and  strains  with  the  values  obtained  from  the  multi-layered 
elastic  program  (chevron) .    The  results  of  comparison  are  presented  in  Appen- 
dix B.  Similarly  in  a  study  of  cracking  of  pavement  overlay  systems  (Figure 
2.6  ),  Luther  (33)  has  calculated  the  stress-intensity- factors  K,  and  K^  using 
this  program.    The  results  of  these  analyses  are  also  presented  in  Appendix  B. 
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CHANGE    IN   STRESS    INTENSITY    FACTORS 
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Intensity  Factor  Using  Prismatic 
Finite  Element  Model 
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CHAPTER  ni 
THE  INFLUENCE  OF  LOADING  FUNCTIONS  ON  CRACK  PROPAGATION 

A.    Introduction 

In  the  previous  sections  of  this  report,  the  basic  concepts  leading  to 
the  formulation  of  fatigue  as  damage  process  and  the  development  of  a  crack 
propagation  law  were  presented.    In  the  recent  research  studies  conducted  for 
verification  of  the  mechanistic  method  of  fatigue  design,  idealized  loading  func- 
tions were  used  to  simulate  the  traffic  loading  on  the  pavement's  structure. 
In  these  studies,  sinusoidal  loading  functions  of  constant  amplitude  were  uti- 
lized as  a  simplication  in  the  analysis  of  fatigue  data.    However  it  is  quite 
apparent  that  pavements,  similar  to  most  engineering  structures,  are  sub- 
jected to  loads  of  variable  amplitude,  frequency  and  pattern.    Load  time  his- 
tories of  periodic  form,  such  as  periodic  loading  of  arbitrary  wave  form, 
stationary  random  loads,  or  superimposed  combinations  of  these  are  most 
probably  encountered.     For  highway  pavements,  however,  loads  in  the  form 
of  periodic  half- sine  function  with  variable  amplitude,  frequency  and  sequence 
constitutes  a  realistic  approximation. 

The  development  of  a  fatigue  design  subsystem  using  the  mechanistic 
approach  requires  the  evaluation  of  effect  of  variable  loading  functions  on  the 
crack  propagation  and  fracture  of  pavement  materials.    This  design  strategy 
is  based,  however,  upon  the  successful  fulfillment  of  the  following  requirements: 
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(i)  the  evaluation  of  fatigue  crack  propagation  interms 

of  loading  function  of  variable  amplitude,  pattern 
and  frequency. 

(ii)         the  prediction  of  pavement  response  under  variable 
loads  using  simplified  laboratory  procedures. 

In  this  chapter,  the  influence  of  variable  loading  functions  on  Paris' 
crack  propagation  law  is  discussed.    To  demonstrate  the  predictability  of 
pavement  response  under  variable  loads,  the  results  pertaining  to  two- 
dimensional  and  three-dimensional  systems  subjected  to  similar  loading  func- 
tions are  compared.    It  should  be  noted  that  the  results  of  analysis  on  two- 
dimensional  problems  (beams  on  elastic  foundation)  have  been  presented  in 
the  research  report  of  contract  no.  FH-11-7257,  project  RF2845  (11).    However, 
in  this  report  to  show  the  similarity  of  the  phenomena  observed,  the  highlights 
of  the  findings  on  the  two-dimensional  problem  are  restated  and  comparison  is 
made  with  the  results  of  findings  on  slabs  resting  on  elastic  foundation.    At  the 
conclusion  of  this  chapter,  recommendations  pertaining  to  incorporation  of  the 
traffic  loading  function  into  the  fatigue  design  subsystem  is  presented. 
B.    Review  of  State  of  the  Art 

The  analysis  of  crack  growth  as  presented  by  Paris  (18),  recognizes 
the  significance  of  variation  in  the  load-time  history  on  the  damage  process. 
The  stress-intensity-factor,  K,  which  appears  linearly  in  equation  (2.1),  must 
consequently  depend  linearly  on  the  intensity  of  the  applied  load  P,  and  is  also 
proportional  to  a  function  f  (c),  reflecting  the  influence  of  the  geometric  configu- 
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ration  including  the  crack  size,  c.    Then,  considering  P(t)  to  represent  the 
time  variation  of  the  loading  function,  the  time-history  of  the  stress-intensity- 
factor,  K(t),  can  be  expressed  as: 

K(t)    =    f(c)  P(t)  (3.1) 

Although  during  the  fatigue  crack  growth  the  crack  length  is  a  function 
of  time,  its  change  during  the  interval  from  one  peak  load  to  another  is  insig- 
nificant.   Therefore,  the  function  f  (c)  can  be  regarded  as  a  slowly  changing 
function  of  crack  size,  and  momentarily  taken  as  a  constant.    As  a  result, 
the  wave  form  of  the  local  stress  field  surrounding  the  crack  tip,  i.e.  the 
time-history  of  the  stress-intensity-factor,  K(t),  is  proportional  to  the  time- 
history  of  the  loading  function  P(t),  (18,20). 

For  sinusoidal  loading  functions  the  load  parameters  affecting  the  crack 
growth  rate  are  mean  load,  load  amplitude  and  frequency  of  load  application. 
Paris  compared  the  relative  effects  of  load  amplitude  and  frequency  and  con- 
cluded that,  for  metal  alloys,  frequency  is  of  minor  significance  when  compared 
with  the  effect  of  load  amplitude.    He  also  found  that  the  relative  mean  load  was 
of  secondary  importance.    Hence,  it  may  be  concluded  that  the  primary  cause 
of  crack  growth  is  the  extend  of  rises  and  falls  of  the  load  (see  Figure  3. 1). 
Another  aspect,  shown  by  experimental  data  is  a  delay  in  crack  growth  following 
an  overload,  which  indicates  that  the  crack  growth  process  is  sensitive  to  the 
sequence  of  load  applications. 

The  above  obervations  can  be  regarded  as  restrictions  for  the  development 
of  a  "model"  of  crack  propagation.    Such  a  model  should  regard  damage  as  occurin^ 
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Figure  3. 1  Rise  and  Fall  of  Load  and  Stress  Intensity  Factor 
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in  the  plastic  zone  at  the  tip  of  the  crack,  be  sensitive  to  rises  and  falls  in 
the  load,  shown  sensitivity  to  the  sequence  of  rises  and  falls  in  the  load,  be 
applicable  to  any  configuration  using  the  stress-intensity  factor  concept,  and 
be  capable  of  incorporating  the  secondary  effects  (mean  load,  frequency  of 
load  application,  and  environmental  factors)  within  its  constants.    With  these 
restrictions  Paris  (18)  proposed  a  model  resulting  in  the  fourth  power  depend- 
ency on  load  range. 

According  to  Irwin  (34),  the  size  of  the  plastic  zone  ahead  of  the  crack 
tip  in  a  body  subjected  to  a  single  monotonic  loading,  can  be  estimated  from 
equation  (2.2),  assuming  it  is  valid  up  to  the  boundary  of  the  plastic  zone.    The 
width,  w,  of  the  plastic  zone  directly  ahead  of  the  crack,  for  9  =0,  is  the  radius 
at  which  the  stresses,  equation  (2.2),  violate  the  yield  condition  (see  Figure  3.3). 

or  K2 

wl    =     „    2  (3.2) 

Z0Yp 

In  fatigue,  the  load-time  history  fluctuates  through  peaks  and  troughs 
and  the  estimate  given  in  equation(3. 2)  must  be  modified.    Each  time  the  load 
changes,  a  reverse  plastic  flow  commences,  creating  a  new  plastic  zone  of 
reversed  deformation  imbedded  in  the  original  one.    Elements  of  the  material 
within  these  zones  experience  alternating  plasticity.    This  concept  is  best 
explained  by  observing  Figure  (3.2).     Figure  3.2a  shows  the  plastic  zone 
induced  by  the  load  P.    The  changes  in  stress  and  strain  due  to  load  reduction 
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Figure  3.2.    Stress-Deformation  at  the  Crack  Tip 
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are  then  given  by  a  solution  identical  to  that  of  the  original  loading,  but  the 
yield  stress  is  replaced  by  twice  the  value  for  the  original  loading  (Figure  3. 2c), 
Adding  (b)  for  load  -  a  P  with  a  doubled  yield  stress,  to  (a)  gives  the  solution 
(c)  resulting  after  unloading  for  P  to  P  -  a  P.    Reloading  P  -  a  P  to  P  restores 
(a). 

Therefore,  for  a  change  in  the  load  of  aP,  the  new  size  of  the  plastic 
zone  can  be  estimated  by  replacing  K  by  h^,  which  is  the  drop  in  the  stress- 
intensity-factor,  and  crVp  by  2cryp  in  equation  (3.2)  giving  the  result: 

hk 
w2    =     Ra2  <3-3) 

yp 

In  this  result,  the  peak-to-peak  rises  and  falls  in  the  K-time  history 
are  shown  to  be  of  major  importance  while  the  relative  mean  load  is  of  no 
consequence. 

With  the  assumption  that  the  work  absorbed  per  unit  increase  in  surface 
area  of  a  crack  is  constant,  the  fatigue  crack  growth  can  be  represented  as: 

_dc_    =     dW_  (3  4) 

dN  dN  1 

dW 
where is  the  average  plastic  work  per  rise  in  the  load-time  history.     The 

dN 
work  done  in  an  excursion  of  the  load  will  be  proportional  to  the  volume  of  the 

plastic  zone  per  unit  length  of  the  crack  front,  i.e.  proportional  to  the  square 

of  the  size  of  the  plastic  zone,  W2,  and  therefore 

dW  9  °2    hk 

"dF=  C2W    =~~T~  <3-5> 

64  °yp 
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Substituting  this  result  into  equation  (3.4): 

A?-     =     C    h,4  (3.6) 

dN  k 

which  is  the  same  result  as  the  semi- empirical  relation  expressed  in  equation 

(2.14). 

The  shortcoming  of  this  model  is  that  it  "counts"  the  effects  of  rises 
and  falls  in  the  load-time  history  with  the  same  weight  regardless  of  the  se- 
quence in  which  they  occur,  and  a  more  elaborate  model  is  necessary  to 
account  for  sequence  effects.    Such  a  model  would  have  to  consider  two  phe- 
nomena occurring  in  the  vicinity  of  the  crack  tip — residual  stresses  and  stress 
relaxation,  because  as  a  result  of  the  interaction  of  these  effects,  the  sequence 
of  load  application  has  a  definite  influence  on  the  fatigue  life. 

Experiments  reported  (35,36)  have  shown  that  under  certain  loading 
conditions  the  material  can  experience  either  delay  or  acceleration  of  the 
damage  process.    Also,  there  is  no  single  trend  showing  one  particular  se- 
quence of  stress  levels  to  be  the  most  damaging.    The  order  of  application 
that  would  result  in  the  lowest  life,  whether  low/high,  high/low,  high/low/high 
or  random,  depends  entirely  on  the  exact  details  of  each  particular  spectrum 
and  the  same  holds  true  for  block  loading  conditions. 

Recently,  the  load  interaction  and  load  sequence  effects  on  the  crack 
propagation  have  been  investigated  by  Porter  (37).    In  these  experiments,  the 
crack  growth  data  is  presented  for  various  base  line  stresses,  <X]_,  and  overload 
stresses,  o^.    The  analysis  of  data  indicates  that  the  longest  fatigue  life  is 
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obtained  for  the  highest  overload  cr^.    It  is  noted  that  the  crack  growth  rate 

decreases  as  the  ratio  of  &2  /  °T  increases.    The  results  of  experiments 

with  various  spectrums  indicate  that  when  a  minimum  stress  level  follows 

a  peak  overload,  the  effect  of  the  overload  becomes  insignificant. 

Finally,  Porter  has  presented  a  crack  growth  reduction  factor  r,  to 

be  used  in  the  analysis  of  fatigue  data  under  variable  loading  conditions.    Using 

this  crack  growth  reduction  factor,  the  Minor  law  could  be  modified  as  follows: 

k 

r-  n_- 

2  _1__L     =    1.0  (3.7) 

i=l  Ni 

where   k  =  number  of  steps  in  spectrum 

r-  =  number  of  applied  cycles  at  ith  stress 

N.  =  life  to  growth  the  crack  over  the  increment  at  the  ith  stress 

n.  =  crack  growth  reduction  factor  for  the  ith  stress 

This  approach  requires  that  the  damage  rate,  i.e.  crack  growth,  is 
the  same  function  of  fractional  life   n^  /  Nf  for  all  stresses.    However,  it  is 
known  that  this  assumption  of  stress  independency  is  only  approximately  true 
for  most  materials. 

Furthermore,  Porter  (37)  states  that  a  detailed  mathematical  evaluation 
of  load  sequence  effect  requires  elastic-plastic  analysis  and  the  study  of  residual 
stresses  at  the  crack  tip. 

To  date,  such  a  model  is  nonexistant  (30),  which  makes  the  quantitative 
analysis  of  fatigue  life  of  materials  subjected  to  random  loading  a  very  difficult 
task. 
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Wheeler  (38)  has  also  proposed  an  empirical  method  to  take  into  account 

the  delays  in  the  fatigue  life  which  occur  after  application  of  high  stress  levels 

in  the  load  sequence.    He  combined  the  concepts  of  fracture  mechanics  with 

Minor's  idea  to  sum  the  damage  incurred  during  each  load  application  to  get 

the  damage  after  the  rth  load  application,  i.e. 

r 
cr    =    c0   +    2      f(AKi)n  (3.8) 

i  =  l 

where   c      =    crack  length  after  the  rth  load  application 

cQ   =    initial  crack  length 
A  K   =    change  in  the  stress-intensity-factor 

Based  on  experimental  data,  Wheeler  proposed  that  equation  (3.8)  can 
be  improved  by  the  introduction  of  a  parameter,  C„j,  which  he  calles  the  retar- 
dation parameter.    Then,  equation  (3. 8)becomes 


c      =    c      +    2      C   .    f(  AK.)n  (3.9) 

r  o       .    _      pi  i 

i  =  l 

m 
where  I  -^ — j^LJ        for  c  +  rv  <   cD 


Si  ■ 


[r     ~i 


for  c  +  r     >  c 


in  which  ry   =    size  of  the  plastic  zone  ahead  of  the  crack  tip 

(c    -c)=    distance  from  the  crack  tip  to  the  elastic-plastic 
interface,  or  size  of  the  plastic  zone  after  a  high 
stress  application,  where  cp  and  c  are  defined 
in  Figure  3.3 

m   =    shaping  exponent 
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Figure  3.3.    Elastic- Plastic  Interface  at  the  Crack  Tip 
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With  respect  to  the  effect  of  other  test  variables,  i.e.  frequency, 
mean  load  and  load  range,  a  number  of  empirical  equations  have  been  pro- 
posed in  the  literature.    As  an  example,  Mukherejee  (39)  has  presented 
the  following  equation: 

j±=   A  (£)-»•«  (Kma/-37    (AK)1-16  ,3.10, 

where    f  is  frequency,  Kmax  and  a  K  are  maximum  stress  intensity  factor 
and  K  -  K^^    respectively.    This  equation  indicates  that  frequency  of 

testing  influences  the  crack  growth  rate.  The  effect  of  rest  period  has  also 
been  investigated  by  a  number  of  researchers.  Kuzamonvic  (40)  has  argued 
that  the  mechanism  of  crack  propagation  under  dynamic  loading  and  static 
conditions  are  similar  except  for  the  rest  period  affect.  Experimental  data 
are  presented  to  show  that  in  metals,  the  rest  period  affects  the  dislocation 
motion,  polygonization  of  slip  bands  and  the  arrangement  of  solute  foreign 
atoms. 

The  effect  of  mean  load  and  load  range  has  also  been  incorporated 
in  Pearson  (41)  and  Forman  (42)  models  of  crack  propagation.    The  Forman 
(42)  model  is  expressed  in  terms  of  R,  load  ratio  and  critical  stress  intensity 
factor.    This  model  can  be  written  as: 


dc    =  A  (AK)n 


dN  (1  -  R)  Kc  -  aK 

where  R  =        m^n       and  Kc  is  the  critical  stress  intensity  factor. 

^max 
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(3.11) 


Pearson  (41)  has  indicated  that  for  materials  with  relatively  high  critical 
stress  intensity  factor,  the  load  ratio  R  does  not  significantly  affect  the 
crack  growth  rate.    However,  for  conditions  where  K^^  approaches  Klc, 
the  crack  growth  data  should  be  modified  as  follows: 

dc    =       A    Kc  (AK)n 


dN 


an-  <3-12) 


Ri-R)  kc-ak] 

where  m  and  n  are  constants. 

The  most  interesting  method  of  analysis  of  crack  growth  laws  was 
recently  presented  by  Cherepanov  (43).    Utilizing  the  concept  of  plastic  work 
at  the  crack  tip,  a  relationship  between  specific  total  plastic  work  y  and  the 
stress  intensity  factors  is  derived.    This  relation  can  be  written  as: 

K2                  K3          dK  „      n 

^    =    a2 +  a„     -s-    • (3.13) 

E  a-  dc 

where  a?  and  a„  are  dimensionless  functions  of  yield  stress  o-    ,  applied  stress, 
(T0J  Poisson  ratio,  ]U  ,  and  Young  modulus  E.    This  equation  leads  to  the  develop- 
ment of  a  crack  growth  rate  function  given  as: 
dc 


dN         "P 


'  Kmax      ^hnin  ',    ]t,    /  Kc       ^ax  \ 

\ ln      Y2"~^2— 

\     c  mm    /, 


"^ 


(3.14) 


where  (3  is  a  material  constant  given  by 

2 


a4    JL^c_  (3.15) 

2o-g2 


In  this  equation,  a^  is  a  dimensionless  parameter  related  to  o-g,  E  and 
/it.    o-g  is  yield  stress  of  the  material.    Using  a  Taylor  series  expansion,  this 
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equation  reduces  to  the  following  form: 

6  T,6 


dc 
dN 


if  Kmax  <  • 5  Kc 


(^nax   ~     min     ,      ^iriax  ~  ^nin      ,  \  /0  1„, 
+ + (o.  16) 
I 


4  4 

dc    _      a  I  Nnax   ~  Nnin  \ 

e   — -^— ) 


dN 


_    Kmin 


for  Kmln  =  0     ,      R   =  — ™Hi    =    0    ,    it  is  obtained 


Kmax 


dc  (3  K  4 

^max' 


dN  K  4  max;  (3.18) 


or  i_c_   =    A(AK)    • 

dN 


Utilizing  these  equations,  Cherepanov  (43)  concludes  that  both  Paris' 
law  and  Forman's  (42)  equations  satisfy  experimental  data  available.    Most 
significantly,  it  is  pointed  out  that  the  applicability  of  Paris'  law  to  a  large 
group  of  materials  is  not  merely  a  coincidence.    Rather,  the  reason  is  that 
the  fatigue  crack  growth  is  governed  by  the  same  mechanism  for  all  materials 
manifesting  plastic  properties.    The  mechanism  does  not  depend  on  the  details 
of  micro- structure  at  the  crack  tip,  and  it  is  analogous  to  the  Kc  concept. 

In  the  discussions  presented  in  this  section,  the  basic  concepts  of 
damage  and  the  effect  of  stress  and  load  interaction  were  briefly  reviewed. 
It  was  pointed  out  that  for  the  theoretical  analysis  of  fatigue  under  random 
loading,  the  present  state  of  the  art  is  deficient  in  providing  a  detailed 
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mathematical  model  for  the  effect  of  load  sequence  on  the  crack  propagation. 
Experimental  characterization  and  emperical  modeling   constitute  the  pri- 
mary method  of  analysis  of  crack  propagation  under  variable  loading  functions. 

C .    Experimentation  on  Two-Dimensional  Systems 
(1)    Loading  Function 

The  material  characteristics  and  testing  procedures  used  in  the  evalu- 
ation of  crack  propagation  of  beams  on  elastic  foundation  have  been  reported 
previously  in  References  (14, 15).    The  loading  function  used  in  these  experi- 
ments consisted  of  a  half-sine  function  with  a  duration  of  0. 1  second.    This 
rate  of  loading  corresponds  to  vehicular  speeds  of  approximately  15-20  miles/ 
hours.    The  "rest  period"  or  time  lapse  between  successive  loads  was  controlled 
by  an  auxilliary  function  generator  and  a  "data-track"  which  suppressed  the  half 
sine  functions  appearing  in  between  the  successive  loads.    The  rest  period, 
which  corresponds  to  the  headway  between  vehicles  in  the  roadway,  was  selected 
as  0,  0.4  and  0.8  seconds.    The  experimental  program  consists  of  the  following 
types  of  loading  conditions: 

(a)    Monotonic  Loading* 

Fatigue  tests  were  conducted  under  a  half- sine  loading  function  with  a 
duration  of  0.1  second  and  0.8  second  rest  period.   The  load  function  of  constant 
amplitude  was  applied  until  failure  by  cracking  occurred.    Three  load  ampli- 


*In  this  report,  the  terms  constant  amplitude  and  montonic  loading 
are  used  interchangeably. 
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tudes  of  20,  30  and  40  pounds  were  utilized  (Figure  3.4).    To  study  the  effect 
of  the  rest  period  on  the  process  of  crack  propagation,  monotonic    loads  with 
different  rest  periods  ranging  from  0  to  0.8  seconds  were  used  (Figures  3.5 
and  3.6). 

(b)    Sequential  Loading 

In  these  tests,  half- sine  loading  functions  with  a  0. 1  second  duration 
and  an  0.8  second  rest  period  were  used.    The  function  was  programmed  by 
the  MTS  function  generator  with  the  aid  of  the  data  track  such  that  the  load 
amplitude  was  varied  in  a  sequence  of  40,  30  and  20  pounds,  therefore  form- 
ing a  block  of  three  cycles,  each  one  with  a  different  intensity  of  load  (Figure 
3.7).    In  a  second  series  of  tests  the  sequence  of  load  application  was  selected 
as  20,  30  and  40  pounds  (Figure  3.8).    These  blocks  of  loads  were  applied  to 
the  specimen  until  failure  occurred.    A  third  sequence  was  used  in  which  the 
block  consisted  of  eight  cycles  of  20  pounds  and  one  cycle  of  40  pounds  (Figure 

3.9). 

(2)    Method  of  Analysis 

The  method  of  analysis  of  the  crack  growth  rate  of  asphaltic  beams 
resting  on  an  elastic  foundation  have  been  discussed  thoroughly  in  references 
(11,  14  and  15).    These  analyses  require  the  calculation  of  the  stress- intensity 
factor  at  various  crack  lengths  as  well  as  the  experimental  determination  of 
the  crack  size  variation  with  the  number  of  cycles  of  load  application.    As  men- 
tioned in  Chapter  II,  to  determine  the  stress-intensity-factor,  K^,  for  a  beam 
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supported  on  an  elastic  foundation,  three  methods  are  available:  boundary 
collocation,  finite  elements  and  experimental  methods.    The  three  methods 
used  in  this  study  and  the  results  are  presented  in  Figure  3. 10  showing  excel- 
lent agreement. 

To  determine  the  crack  size  during  the  fatigue  tests,  x-ray  photo- 
graphs, visual  observation  and  indirect  compliance  measurements  have 
been  utilized.    Since  direct  measurements  have  been  shown  to  be  more  reli- 
able, this  was  the  technique  used  and  a  typical  x-ray  photograph  showing  the 
crack  at  different  cycles  is  presented  in  Plate  3. 1. 
(3)    Summary  of  Research  Findings 

(a)    Stress  Amplitude  Effect 

In  order  to  investigate  the  effect  of  stress  amplitude  on  the  fatigue 
damage  process,  sand-asphalt  beams  resting  on  an  elastic  foundation  were 
subjected  to  three  stress  levels  of  constant  load  amplitude.    The  crack  length  - 
number  of  cycles  of  load  application  relation  (c  -  N)  was  determined  by  visual 
observation  and  x-ray  techniques.     Figure  3.11  presents  the  c-N  curves  for 
the  three  stress  levels  used,  and  figure  3. 12  shows  the  variation  of  crack 
size  for  normalized  fatigue  life  Nj  /Nf .    It  is  noted  that  the  load  amplitude  of 
20,  30  and  40  pounds  result    in  an  identical  c  -  (Nj/N^)  relation.    This  implies 
that  for  monotonic    loading  (constant  amplitude) ,  the  crack  growth  process  or 
"damage"  accumulation  is  independent  of  the  stress  levels.    In  Figure  3. 13, 
the  rate  of  crack  propagation  is  plotted  versus  the  stress-intensity-factor,  for 
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Plate  3. 1.    X-ray  Photograph  for  a  Sand- Asphalt  Beam, 
Showing  the  Crack  at  Different  Cycles. 


56 


o 

S3 
O 


co 

■ — i 
W 

c 
o 

CO 

a 

CD 

ffl 
o 


o 


co 

OB 

C 

CD 

•iH 

hJ 

o 

^J 

O 

ft 

Gj 

A 

Jh 

% 

o 

S3 

CO 

a> 

a 

hJ 

CO 

M 

CD 

o 

> 

u 

, s 

U 

Ph 

\. 

w 

T3 

cd 

O 

l-l 

*H 

O 

■4-> 

o 

Ki 

Pn 

>> 

■4-> 

•1-4 

co 

S3 

o 

•4-J 

£3 

t—i 

CO 

CO 

CD 

Jh 

CO 


g/8"ui/T  '(d/M)  pBoq/jo;oBj  ^isua;ui-ss9a;s 


CO 

CD 
U 

DC 
•!-■ 


57 


CD 

U 

O 


3 

55 


c 
o 
U 

be 

G 

'i 

o 


CO 

I— I 

o 

C 

o 

CO 


o 

CM 


o 


CO 

0 

CD 

■4-> 

o 

> 

U 


o 
u 
O 

o 

ctj 
U 

U 


'sui  *o  'q^Suai  ^ovj.3 


CD 

bJD 


58 


00 


w> 


CO 


CM 


<0 

•rH 

i 

En 

0) 


O 

55 


CN 


00 


CN 


o 


o 

a> 

•rH 

a 

O 


o 


<M 


CO 

rH 

•r-i 


*sut  'o  'q^uai  ^objlq 


59 


I— I 

o 


o 


§ 

T3 


O 

O 
o 

o 

CD 


10 


50 


100 


500 


Stress  Intensity  Factor     K,    lbs.  /in. 


3/2 


dc 
Figure  3. 13.     K  versus  —    for  Monotonic  Loading  with  Different  Amplitudes 

dN 

60 


load  amplitudes  of  20,  30  and  40  pounds.    It  is  shown  that  the  crack  growth 

dc  4 

follows  Paris'  law  as =   A  K  . 

dN 

(b)    Effect  of  Load  Sequence 

To  verify  the  effect  of  load  sequence  and  the  existance  of  the  "delay 
effect"  in  bituminous  paving  mixtures,  a  sequential  loading  condition  has  been 
utilized.    These  loadings  are  designated  as  20/30/40;  40/30/20;  and  20/40 
corresponding  to  the  amplitude  of  the  loads  (in  pounds)  appearing  in  the  se- 
quence.   In  the  20/40  loading  condition,  8  cycles  of  20  pounds  succeeded  by 
one  cycle  of  40  pounds  load,  forming  a  block  of  9  cycles. 

In  Figures  3. 14,  3. 15  and  3. 16,  the  crack  length  -  normalized  fatigue 
life  (Nj/Nf  )  for  both  monotonic  and  sequential  loadings  are  shown.    It  is  noted 
that  the  rate  of  change  of  the  crack  length  with  the  number  of  load  applications 
is  affected  by  the  sequential  loading.    However,  there  is  no  significant  difference 
between  the  20/30/40  and  40/30/20  load  sequences.    Also,  for  any  given  level 
of  damage  the  normalized  fatigue  life  was  greater  in  the  sequential  loading  than 
that  of  the  monotonic  loading,  meaning  that  the  rate  of  crack  growth  was  delayed 
whenever  sequential  loads  of  variable  amplitude  were  used.    These  experimental 
data  clearly  indicate  the  existance  of  the  interaction  phenomena  in  the  crack 
growth  process. 

Referring  to  equation  3.1,  expressing  the  time  variations  of  the  stress- 
intensity  factor  in  terms  of  load-time  history,  the  function  f  (c)  can  be  obtained 
as  the  ratio  K(t)/P(t).    Therefore,  a  graph  of  the  (dc/dN)  -  (K/P)  relation  is  a 
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representation  of  the  variation  of  the  damage  rate  in  terms  of  crack  function 
f(c)  (Figure  3.17),    The  data  shown  in  Figure  3.17  indicate  the  difference  is 
due  to  load  sequence.    It  also  shows  the  "delay  effect"  in  terms  of  Paris'  law 
since  the  exponent  was  found  to  be  less  than  4,  i.e.  the  cracks  grew  at  a  slower 
rate  as  compared  to  the  monotonic  loading  tests. 

The  observation  reported  verifies  the  existance  of  the  interaction  effect 
which  is  attributed  to  the  interaction  of  beneficial  residual  stresses  and  the 
stress  relaxation  phenomena  due  to  periodic  stress  applications. 

(c)    Effect  of  Rest  Period 

To  investigate  the  effect  of  the  rest  period  on  the  crack  growth  rate, 
experiments  were  conducted  using  a  constant  amplitude — 0.1  second  duration, 
half-sine  repeated  load  function  with  periods  of  0,  0.4  and  0.8  seconds.    The 
effect  of  rest  period  on  the  damage  growth  process  is  presented  in  Figures 
3.18  and  3.19. 

In  the  zero-second  rest  period  condition,  it  is  readily  observed  that 
the  distress  due  to  one  load  has  not  fully  dissipated  before  the  next  load  cycle 
is  applied.    That  is,  the  required  time  for  the  recovery  of  induced  deformation 
is  greater  than  the  rest  period.    This  results  in  an  accumulation  of  irrecover- 
able deformations  during  the  fatigue  loading,  and  conditions  similar  to  the 
creep  effect  are  induced.     For  this  reason,  it  is  noted  in  Figure  3. 18  that  the 
slope  of  the  (dc/dN)  -  K  relation  for  zero-second  rest  period  is  slightly  less 
than  4.    However,  in  general,  it  can  be  concluded  that  with  the  range  of  rest 
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periods  investigated,  this  paramter  is  not  of  great  significance  on  the  crack 
growth  process. 

D .     Experimentation  on  Slabs  Supported  on  an  Elastic  Foundation 

Having  verified  experimentally  the  effect  of  loads  of  variable  amplitude 
on  beams  on  an  elastic  foundation,  and  having  checked  the  stress  distribution 
in  a  cracked  slab  by  means  of  the  determination  of  the  stress- intensity-factor 
as  has  been  reported  previously,  it  is  then  possible  to  proceed  with  the  task 
of  studying  the  fatigue  behavior  of  slabs  supported  on  an  elastic  foundation 
subjected  to  loads  of  variable  amplitude.* 
(1)    Loading  Function 

In  this  series  of  tests  the  slabs  were  subjected  to  repetitive  loading 
using  the  MTS  in  the  load  control  mode.    The  loading  function  used  consisted 
of  a  half- sine  function  with  a  duration  of  0. 1  second.    The  magnitude  of  the 
loads  varied  from  200  to  500  pounds,  corresponding  to  a  rate  of  loading  of 
approximately  35  to  50  miles/hours.    The  rest  period  or  time  between  two 
consecutive  load  pulses,  as  well  as  the  amplitude  of  each  load  pulse  was  con- 
trolled by  an  auxiliary  function  generator  and  a  "data-track"  connected  to  the 
MTS  system  and  capable  of  suppressing  the  half- sine  functions  appearing  in 
between  successive  loads. 


*  Experimental  details  are  presented  in  Chapter  IV  and  in  Appendix 


69 


The  experimental  program,  conducted  at  room  temperature  (77.5°F), 
consisted  of  the  following  types  of  loading  conditions: 

(a)  Constant  Loading 

Fatigue  tests  were  conducted  under  a  half-sine  loading  function  with 
an  0. 1  second  duration  and  rest  periods  of  0.8  and  0.4  seconds  (Figures  3.20 
and  3.20). 

(b)  Sequential  Loading 

In  these  tests,  half-sine  loading  functions  with  a  0.1  second  duration 
and  an  0.8  rest  period  were  used.     Four  loading  sequences  were  tested.    The 
first   sequence  consisted  of  a  block  of  loads  of  9  cycles;  3  with  amplitude  of 
200  pounds,  then  3  cycles  with  amplitude  of  300  pounds  and  finally  3  cycles 
of  400  pounds  (Figure  3.22).    In  the  second  sequence  the  loading  block  was 
programmed  with  3  cycles  of  400  pounds,  plus  3  cycles  of  300  pounds,  plus 
3  cycles  of  200  pounds  (Figure  3.23).    Both  of  these  sequences  were  different 
than  those  used  in  the  beam  tests  in  that  the  block  of  loads  consisted  of  9  cycles 
instead  of  3.    The  reason  behind  this  change  was  to  have  a  larger  block  of  loads, 
as  large  as  the  testing  equipment  could  provide. 

The  third  sequence  consisted  of  a  block  formed  by  8  cycles  of  250  pounds 
and  1  cycle  of  500  pounds  (Figure  3.24).    The  final  sequence  used  consisted  of 
testing  the  asphalt  slabs  with  blocks  of  loads  programmed  with  5  cycles  of  300 
pounds,  plus  4  cycles  of  400  pounds  (Figure  3.25). 
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Figure  3.24.    Loading  Function  for  8x250  +  1  x  500  lbs.  Sequence 
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Figure  3.25.    Loading  Function  for  5  x  300  +  4  x  400  lbs.  Sequence 
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(2)    Analysis  and  Discussion  of  Results 

The  characteristics  of  these  tests  were  very  similar  to  those  re- 
ported in  the  Final  Report  of  Project  RF  2873  (15).    Basically,  the  center 
deflection,  measured  by  the  MTS  LVDT,  increased  steadily  throughout  the 
test  and  with  very  few  changes.    In  the  initial  stages  of  the  test  there  was, 
however,  a  rapid  change  in  the  deflection  amplitude  and  this  fact  was  prob- 
ably attributed  to  some  form  of  damping  effect  or  due  to  strain  hardening  of 
the  material  under  the  loaded  area. 

Crack  measurements  were  made  using  x-ray  photographs  to  determine 
the  length  of  the  bottom  cracks  and  an  ink  straining  technique  and  to  visually 
measure  the  crack  length  at  the  top  surface  of  the  slabs.    To  take  an  x-ray 
photograph  of  the  slab,  the  fatigue  test  was  halted  for  approximately  forty- 
five  minutes  and  the  slab  was  removed  from  the  foundation  using  a  vacuum  as 
has  been  described  previously  (15)   and  placing  it  under  the  x-ray  machine. 
The  x-ray  photographs  were  taken  at  intervals  of  80,000  to  100,000  cycles, 
or  approximately  one  a  day.    Therefore,  the  rest  period  introduced  by  stopping 
the  test  for  x-rays  was  not  significant  when  compared  with  the  total  length  of 
the  test.    Also,  the  center  deflection,  which  became  smaller  after  resumption 
of  the  test,  recovered  fully  to  its  previous  value  after  2,000  to  3,000  cycles  of 
load  application. 

The  crack  pattern  observed  in  all  tests  was  again  very  similar  to  that 
described  in  references  (14, 15).    Basically  the  cracks  started  at  the  bottom 
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surface  (tension  surface)  of  the  slab  and  grew  upwards  through  the  thickness 
of  the  specimen  in  a  semi-circular  shape.    After  a  considerable  amount  of 
time  these  cracks  appeared  at  the  top  surface  of  the  slab  and  from  then  on 
grew  radially.    The  first  set  of  radial  cracks,  called  primary  cracks,  grew 
to  a  length  of  approximately  4  to  6  inches  before  the  second  set  of  radial 
cracks,  called  secondary  cracks  appeared  in  between  the  primary  cracks. 
When  both  the  primary  and  the  secondary  cracks  stopped  growing,  a  final  set 
of  cracks  developed  forming  a  circle  concentric  with  the  loaded  area  at  a 
distance  of  approximately  6  to  8  inches  from  the  center  of  the  slab.    This 
circumferential  crack  started  at  the  top  surface  of  the  slab  and  grew  down- 
wards.   At  this  stage  the  test  was  stopped  and  this  condition  was  considered 
as  the  failure  of  the  slab.    Figure  3.26  shows  a  schematic  diagram  of  the  crack 
pattern  in  the  slabs. 

The  rate  of  crack  growth  was  studied  individually  for  each  crack  or 
collectively  as  an  average  crack.    This,  of  course,  is  a  simplification  to  the 
problem  of  multiple  cracks,  but  since  the  stress  field  of  each  crack  is  con- 
fined to  a  zone  of  radius  much  smaller  than  the  crack  itself,  the  analysis  of 
the  rate  of  crack  growth  can  be  done  independently. 

To  determine  the  rate  of  crack  growth,  a  plot  of  crack  length  versus 
the  number  of  cycles  was  made  for  each  test.    In  these  plots  the  bottom  cracks 
measured  from  the  x-ray  photographs  are  shown  together  with  the  top  cracks, 
determined  by  visual  measurements.    It  can  be  seen  that  throughout  the  test 
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Figure  3.26.  Probable  Mode  of  Crack  Propagation 


79 


the  bottom  cracks  were  longer  than  the  top  ones,  as  it  would  be  expected 
since  the  bottom  surface  of  the  slabs  was  in  tension,  while  the  top  surface 
was  in  compression.    These  plots  also  suggest  the  equilibrium  shape  of  the 
cracks,  with  the  bottom  cracks  being  approximately  1^  inches  longer  than 
the  top  cracks  in  the  beginning  of  the  tests.    As  the  tests  progressed,  the 
difference  in  length  between  top  and  bottom  cracks  became  smaller,  and 
toward  the  end  of  the  tests  when  the  radial  cracks  had  stopped  growing, 
both  top  and  bottom  cracks  had  approximately  the  same  length.    This  approx- 
imation of  the  equilibrium  shape  was  used  in  a  few  tests  where  no  x-ray 
photographs  were  taken  in  order  to  determine  the  length  of  the  bottom  cracks 
from  the  known  length  of  the  top  cracks. 

Having  determined  the  rate  of  crack  propagation,  the  next  step  was 
to  arrive  at  a  correlation  between  the  stress-intensity-factor  and  the  crack 
propagation  rate. 

(a)    Effect  of  Rest  Period  on  Crack  Propagation 

The  rate  of  crack  propagation  in  tests  where  the  load  was  applied 
with  a  rest  period  of  0.8  seconds  or  0.4  seconds,  followed  the  relation  ex- 
pressed by  Paris'  law,  and  it  was  found  that  this  rate  was  proportional  to 
the  fourth  power  of  the  stress-intensity  factor. 

Figure  3.27  shows  the  typical  crack  length  versus  number  of  cycles 
(c  -  N)  curve  for  a  test  in  which  the  rest  period  was  0.4  seconds,  and  Figure 
3.28  presents  the  rate  of  crack  growth  versus  the  stress-intensity  factor 
(dc/dN  -  K)  relation. 
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It  is  noted  that  the  same  conclusion  as  to  the  validity  of  Paris'  law 
of  crack  growth  can  be  made  from  the  test  on  a  slab  resting  on  an  elastic 
foundation  or  a  beam  on  elastic  foundation.    These  two  experimental  systems 
behave  similarly  in  regards  to  the  effect  of  rest  period  on  the  fatigue  crack 
propagation.    Therefore,  the  rest  period  or  headway  between  two  vehicles 
using  a  highway  has  no  major  significant  effect  on  the  rate  of  crack  propaga- 
tion.   Obviously  this  conclusion  cannot  be  extrapolated  for  a  wide  range  of 
rest  periods  encountered  in  the  real  pavements,  which  have  not  been  tested. 
However,  as  stated  by  Paris  (18),  the  constant  A,  in  the  expression  of  the 
rate  of  crack  propagation  (Equation  2. 14)  can  take  into  account  the  effect  of 
this  load  variable.    Therefore,  the  effect  of  rest  period  can  be  experimentally 
evaluated  for  any  desired  range. 

(b)    Effect  of  Load  Sequence 

To  verify  the  effect  of  load  sequence  and  the  existance  of  the  delay 
effect  in  bituminous  paving  mixtures,  four  loading  sequences  were  tested  on 
slabs  resting  on  an  elastic  foundation.    Three  of  these  sequences  were  equal 
or  similar  to  those  used  in  the  tests  on  beams  on  an  elastic  foundation,  and 
the  fourth  sequence  was  programmed  with  a  change  in  load  amplitude  no  greater 
than  25%. 

Figures  3.29  and  3.30   present  the  crack  growth  versus  number  of 
cycles  (c-N)  curve  for  the  sequences  of  (3x200 +  3x  300+  3x400)  pounds 
forming  a  block  of  load  and  (3x400  +  3x300  +  3x200)  pounds  respectively.    In 
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those  figures  both  the  top  crack  measurements  made  visually  and  the  bottom 
crack  lengths  obtained  by  x-ray  photographs  are  plotted.    From  these  curves 
the  rate  of  crack  growth  (dc/dN)  was  calculated  and  the  results  were  plotted 
versus  the  stress-intensity-factor  divided  by  load  (K/P)  as  was  done  for  the 
beam  tests.    The  results  are  presented  in  the  plot  of  (dc/dN  -  K/P)  (Figure 
3.31).    It  is  noted  that  the  delay  in  the  crack  propagation  rate  under  similar 
loading  functions  are  similar  when  the  results  of  beams  and  slabs  are  com- 
pared.   This  again    is  an  indication  that  the  effect  of  load  sequence  substani- 
ally  alters  the  rate  of  crack  propagation.    Secondly,  it  is  significant  to  note 
that  the  same  result  was  obtained  from  tests  on  beams  on  an  elastic  foundation, 
despite  the  fact  that  the  block  of  loads  in  the  sequences  used  in  the  tests  on 
slabs  was  slightly  bigger  than  that  used  in  the  beam  tests. 

The  results  from  the  tests  using  the  sequence  of  8  cycles  of  250  pounds 
plus  one  cycle  of  500  pounds  are  presented  in  Figures  3.32  and  3.33.    The 
first  shows  the  (c-N)  curve  with  top  and  bottom  cracks,  and  the  second  pre- 
sents the  rate  of  crack  propagation  versus  the  stress-intensity-factor  divided 
by  load  (dc/dN  -  K/P).     For  this  sequence,  also  used  in  the  beam  on  elastic 
foundation  tests,  there  is  again  a  delay  in  the  rate  of  crack  propagation.    This 
reduction  in  the  crack  growth  rate  has  been  associated  with  the  effect  of  resi- 
dual stresses  and  the  elastic-plastic  state  formed  at  the  tip  of  the  crack  after 
a  high  load  is  applied.    From  these  results  presented,  it  is  noted  that  the  rate 
of  crack  propagation  presented  is  identical  for  beams  and  slabs  and  the  effect 
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of  load  sequence  can  be  established  by  testing  a  beam  on  an  elastic  founda- 
tion. 

The  final  loading  sequence  used  consisted  of  5  cycles  of  300  pounds 
plus  4  cycles  of  400  pounds.    This  loading  sequence  is  the  one  that  approaches 
more  closely  the  case  of  loads  of  constant  amplitude.    In  fact,  the  results 
presented  in  Figures  3.34  (c-N)  curve,  and  3.35  (dc/dN  -  K/P)  relation, 
show  that  although  the  sequence  also  caused  a  delay  in  the  rate  at  which  the 
cracks  grew,  this  delay  was  smaller  than  any  of  the  other  sequences  used. 
That  is  to  say  that  the  smaller  the  variation  in  the  load  amplitudes,  the  closer 
the  rate  of  crack  propagation  will  follow  Paris'  law,  with  dc/dN  being  propor- 
tional to  the  fourth  power  of  the  stress-intensity  factor. 
(3)    Significance  of  Results 

In  this  chapter,  the  effect  of  variable  loading  functions  on  the  crack 

propagation  of  asphaltic  mixtures  was  presented.    The  experimental  variables 

investigated  included  specimen  geometry,  load  amplitude  and  load  sequence. 

The  conclusions  reached  from  this  study  are: 

(i)  The  effects  of  variable  loading  on  the  crack  propagation 

is  identical  for  beams  on  elastic  foundation  and  slabs 
resting  on  elastic  media. 

(ii)         The  fatigue  crack  growth  process  in  asphaltic  mixtures 

is  considered  as  a  stress-independent,  stress-interaction 
type  phenomena. 

(iii)        It  has  been  observed  that  for  the  range  of  variables 

investigated,  the  rest  period  does  not  significantly  affect 
the  fatigue  life. 
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(iv)         It  has  been  shown  that  load  sequence  has  a  significant 

affect  on  the  fatigue  life.    The  delay  in  the  rate  of  crack 
propagation  due  to  loads  of  variable  amplitude  in  the 
loading  sequence  is  attributed  to  the  beneficial  effects 
of  residual  stresses  at  the  crack  tip.    Although  the  math- 
ematical formulation  of  the  delay  phenomena  has  not  yet 
been  fully  developed,  the  reduction  in  the  crack  growth 
rate  can  be  evaluated  experimentally. 

(v)  A  comparison  of  the  experimental  data  using  dc/dN  - 

K/P  relation  with  the  Paris  crack  growth  law  indicates 
that  the  use  of  Paris'  equation  for  design  purposes  leads 
to  a  conservative  estimate  of  the  fatigue  life. 

These  conclusions  will  be  further  elaborated  in  the  final  chapter  of 

this  report  where  a  tentative  outline  of  a  method  for  flexible  pavement  design 

is  presented. 
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CHAPTER  IV 

THE  EFFECT  OF  TEMPERATURE  ON 
FATIGUE  CRACK  PROPAGATION 

A.    Introduction 

In  the  previous  chapter,  the  effect  of  variable  loading  functions  on 
the  fatigue  crack  propagation  of  pavements  was  investigated.    It  is  well- 
known  that  pavement  systems  during  service  life  are  subjected  not  only  to 
variable  loads  but  also  to  variable  temperature  conditions.    In  this  section, 
the  validity  of  mechanistic  method  of  fatigue  design  at  various  temperature 
conditions  is  investigated  and  guidelines  pertinent  to  environmental  factors 
are  developed. 

In  order  to  incorporate  the  effect  of  environmental  parameters  into 
a  rational  design  concept  the  following  prerequisites  must  be  fulfilled:  (i) 
determination  of  temperature  distribution  within  pavement  system,  (ii)  deter- 
mination of  the  effect  of  temperature  on  material  properties,  and  (iii)  selection 
of  a  suitable  distress  model  capable  of  predicting  the  pavement  response 
under  extreme  environmental  conditions. 

The  analysis  of  temperature  distribution  within  pavement  systems 
has  been  researched  and  fully  documented  in  the  literature.    Most  recently, 
Dempsey  (44)  has  developed  a  heat  transfer  model  for  evaluation  of  the  tem- 
perature related  effects  in  multi-  layered  pavement  systems  using  the  finite 
difference  method.    Wilson  and  Nickel  (45)  have  developed  a  finite  element 
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program  for  heat  conduction  analysis.    These  analyses  are  based  on  the  energy 
balance  equation  at  the  pavement  surface  which  considers  the  effects  of  incident 
short  wave  radiation,  long  wave  radiation  emitted  by  the  atmospher  and  pave- 
ment surface,  convective  heat  flow,  the  heat  flux  due  to  condensation,  eva- 
poration, etc.    and  finally  the  head  conduction  in  the  soil. 

It  has  been  found  that  heat  flux  due  to  solar  radiation  received  at  the 
ground  surface  accounts  for  the  largest  portion  of  the  flux.    Although,  theoreti- 
cally this  parameter  can  be  calculated  and  can  be  expressed  in  terms  of  loca- 
tion and  time  variables,  empirical  equations  have  been  developed  for  practical 
application. 

Utilizing  transient  heat  flow  equation  with  appropriate  boundary  condi- 
tions and  thermal  properties  of  pavement  materials,  temperature  distribution 
within  pavement  systems  can  be  accurately  predicted.    Therefore,  for  rational 
pavement  design  purposes,  the  temperature  field  at  a  given  point  of  a  pavement 
structure  can  be  easily  calculated. 

Secondly,  with  respect  to  the  effect  of  temperature  on  the  material  pro- 
perties, extensive  laboratory  and  theoretical  data  are  available  to  provide  an 
accurate  measure  of  the  temperature  dependency  of  paving  mixtures.    The 
final  task,  therefore,  involves  the  incorporation  of  temperature  depedent  mate- 
rial variables  into  a  suitable  distress  model  capable  of  predicting  pavement 
performance.    Before  this  could  be  achieved,  however,  the  validity  of  the  dis- 
tress model  for  the  range  of  parameters  involved  must  be  verified.    The  distress 
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model  selected  for  this  investigation,  as  has  been  indicated  previously,  is  a 

crack  propagation  law  in  which  the  rate  of  crack  propagation  is  expressed  in 

terms  of  stress-intensity  factor.    In  this  section,  the  validity  of  the  proposed 

distress  model  at  three  temperatures  (41°F,  77 °F  and  90°F)  is  discussed. 

B.    Verification  of  the  Proposed  Model  at  77.5°F 

The  previous  research  conducted  at  the  Ohio  State  University  under 

contract  FH-11-7281,  RF  2873  and  FH-11-7257,  RF  2845  (11,15),  have  been 

primarily  concerned  with  the  verification  of  fracture  mechanics  at  77.5°F.    The 

results  of  these  studies,  as  shown  in  Figures  (4.1,4.2  ,4.3  ),  lead  to  the 

following  conclusions: 

(i)  Tests  on  sand- asphalt  beams,  simply  supported  and 

loaded  at  mid-span,  conducted  at  77.5°F,  showed  that 
there  was  considerable  interaction  between  creep  and 
fatigue.    To  minimize  the  amount  of  creep  and  simu- 
late more  realistic  conditions,  the  beams  were  sup- 
ported on  an  elastic  foundation. 

(ii)         The  results  of  the  tests  on  beams  supported  on  an 

elastic  foundation  provided  futher  verification  of  the 
crack  propagation  law.    The  prediction  of  the  fatigue 
life  was  independent  of  the  method  of  loading  (con- 
trolled stress  or  controlled  strain). 

(iii)        Experiments  on  asphalt  concrete  beams  supported 
on  an  elastic  foundation  and  performed  at  77.5°F, 
also  showed  excellent  correlation  with  the  crack 
growth  law. 

(iv)  Sand- asphalt  slabs  (44  inches  in  diameter)  were  tested 
on  an  elastic  foundation  at  77.5°F,  provided  further 
verification  of  the  validity  of  Paris'  law.  The  value  of 
the  constant  A  was  found  to  be  approximately  the  same 
as  the  value  for  the  sand  asphalt  beams  of  the  same 
composition  as  the  slabs,  showing  that  A  was  indeed  a 
property  of  the  material. 
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Figure  4. 1.      Comparison  of  Rates  of  Crack  Propagation  in  Simply- 
Supported  Beams  and  Beams  on  Elastic  Foundation 
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(v)  K,     was  found  to  be  the  failure  criterion  for  both 

monotonic  fracture  and  fatigue  and  is  a  material 
property. 

As  has  been  shown  in  Chapter  n,  an  anaytical  method  was  also  developed 
to  investigate  the  problem  of  crack  propagation  in  the  asphaltic  slab.    To  further 
verify  the  validity  of  this  anaytical  method,  measurements  of  radial  and  tangen- 
tial strains  were  made  and  were  correlated  with  the  theoretical  values. 

Radial  and  tangential  strains  at  radial  distances  of  3,  4,  5,  6  and  8  inches 
were  measured  by  paperbacked  SH4-5-S13  strain  gages.    The  gages  were  cemented 
to  the  asphalt  slab  using  epoxy  cement.    The  terminal  wires  were  connected  to 
Wheatstone  bridges  and  Sanborn  or  CEC  recorders.    Dummy  gages  were  also 
cemented  to  a  "dummy"  slab  similar  to  the  test  slab  to  provide  for  temperature 
compensation. 

The  results  are  presented  in  Figures  4.4  and 4. 5  .    The  theoretical  values 
plotted  in  these  figures  were  calculated  using  the  computer  program  developed 
previously.    The  value  of  the  modulus  of  subgrade  reaction,  k,  used  in  this  pro- 
gram to  obtain  the  strains  in  the  slab  was  corrected  using  Vesic's  recommenda- 
tions (15)  since  the  measurements  of  k  were  done  using  the  center  deflection 
and  not  the  stress,  i.e.  k  was  calculated  from: 


'» 


k    =     —  (4.1) 

w 


where    p   =    intensity  of  the  load  (psi) 

w   =    deflection  under  the  load  (inches) 
This  correction  is  explained  graphically  in  Figure  4.6, 
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The  agreement  between  the  experimental  and  theoretical  value  of  the 
radial  and  tangential  strains,  after  the  correction  to  the  modulus  of  subgrade 
reaction  was  applied,  was  considered  very  satisfactory. 

Furthermore,  the  analytical  method  of  calculation  of  stress-intensity- 
factor  was  verified  experimentally.    For  this  purpose,  the  experimental  stress- 
intensity-factor,  K-, ,  for  various  crack  lengths  was  obtained  from  Irwin's  equa- 
tion (2.23)  given  by: 

^2  E  o  dL 

Kf     = 5-       I*5 (4.2) 

1  2(1  -  O  h  d(2c) 

where   L    =    compliance  =  inverse  slope  of  the  load/deflection  diagram 
2  c    =   crack  length 
h   =    slab  thickness 

The  experimental  procedure  used  consisted  of  sawing  radial  cuts  and 
simulating  cracks  in  the  slab  with  a  Saber  saw  using  a  thin  blade.     For  each 
cut  or  crack  length,  the  compliance  L  was  determined  by  loading  the  slab  for 
a  few  cycles  of  half-sine  loading  function  and  then  plotting  the  load  versus 
deflection  diagram.    Then,  a  plot  of  compliance  versus  crack  length  was  made 
and  it  is  presented  in  Figure  4.7.    Once  the  rate  of  change  in  the  compliance 
was  known,  the  stress-intensity-factor  K    was  determined  by  using  the  above 
formula.    A  plot  of  K^  versus  crack  length  is  presented  in  Figure  4.8.    These 
analyses  further  substantiate  the  validity  of  the  proposed  distress  model  at 
77.5°F. 
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C.    Verification  of  Distress  Model  at  41°  and  90°F 

(1)    Experimentation  on  Slabs  Resting  on  an  Elastic  Foundation 

To  perform  these  experiments,  an  environmental  cell  was  built  around 
the  test  area  with  the  inside  dimensions  of  6|  feet  by  6  feet.    The  walls  of  the 
cell  were  built  out  of  plywood  with  3  inches  of  styrofoam  insulation.    The  com- 
partment enclosed  the  elastic  foundation,  cooling  unit  and  heater,  as  well  as 
fans,  used  to  ensure  proper  circulation  of  the  air  inside  the  box.    Both  the 
3,000  watts  heater  with  a  capacity  of  10,000  BTU/hour  and  the  cooling  unit 
with  a  BTU/hour  rating  of  4,500  (for  10°  temperature  differential)  were  con- 
trolled by  a  Thermae  Twintrol  unit.    Plates  4.1  and  4.2  show  the  outside 
view  of  the  compartment,  and  Plate  4. 3    shows  an  inside  view  with  the  elas- 
tic foundation,  cooling  unit  and  heater. 

The  elastic  foundation  was  protected  on  the  outside  with  several  layers 
of  fiberglass  wool.    Before  and  after  each  test,  plate  load  tests  were  performed 
on  the  elastic  foundation  to  determine  the  variation  of  the  modulus  of  subgrade 
reaction,  k,  with  temperature.    It  was  found  that  even  after  a  period  of  ten 
days  at  41°F  or  90°F,  the  change  in  k  was  negligible,  as  shown  in  Figure  4.9 

For  this  series  of  tests,  the  asphalt  slabs  were  subjected  to  repetitive 
loads  of  constant  amplitude  using  the  MTS  in  load  control.    The  loading  function 
used  consisted  of  a  half-sine  function  with  a  duration  of  0. 1  second  and  a  rest 
period  between  load  pulses  of  0.8  seconds.    Before  starting  each  test,  the  slab 
was  placed  on  the  foundation  and  left  inside  of  the  environmental  cell  for  a 
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Plate  4.1 
North  Side  of  Environmental  Cell  Showing  Temperature  Controls 


Plate  4.2 
South  Side  of  Environmental  Cell  Showing  Removable  Wall 
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Plate  4.3 

South  Wall  of  Cell  Removed  to  Show  Interior  with  Elastic  Foundation 
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period  of  at  least  two  days,  to  ensure  that  the  proper  test  temperature  has 
been  achieved.    Copper-constant  thermocouple  wires  were  placed  in  differ- 
ent locations  on  the  slab,  foundation  and  at  different  points  in  the  cell,  and 
a  constant  record  of  the  temperatures  at  those  points  was  kept  using  a  Barber- 
Coleman  thermocouple  recorder. 

Figure  4.10  shows  a  schematic  diagram  of  the  temperature  box  with 
the  location  of  the  thermocouple  wires.     Figures  4.11  and 4.12  present  a  sam- 
ple of  the  temperature  recorder  for  tests  at  4l°F  and  90°F.    It  is  noted  that 
the  temperature  differential  in  the  slab  was  kept  to  a  minimum,  avoiding 
any  nonuniform  stress  distributions. 

(2)    Analysis  and  Discussion  of  Results  for  Tests  at  4l°F 

The  first  set  of  experiments  at  this  temperature  were  conducted  using 
a  load  of  800  pounds.    The  observed  crack  pattern  from  this  test  was  noted 
to  be  very  similar  to  those  observed  previously.    On  the  contrary,  however, 
the  crack  growth  as  presented  in  Figure  4.13  was  rather  different.    It  was 
noted  that  after  the  cracks  had  appeared  in  the  top  surface  of  the  slab  and 
were  approximately  2  inches  long,  it  propagated  instantaneously  to  a  length 
of  about  6  inches.    This  fact  is  explained  on  the  basis  that  for  this  test  tem- 
perature, the  stress-intensity-factor,  for  a  crack  of  approximately  3  inches 
in  length  reaches  the  value  of  the  critical  stress-intensity-factor,  K-.    ,  and 
catastrophic  failure  occurs.    When  the  crack  length  reaches  6  inches,  the 
value  of  the  stress-intensity-factor  dropped  below  the  critical  limit  (see 
Figure  4.8)  and  the  cracks  then  grew  as  those  observed  in  previous  tests. 

Ill 


-3- 

CM 


z 

o 

p 

5    °- 

00 

< 

z    * 

2  Ui 

3  1- 

o 

a  oo               n 

VI 

o 

i— i 

Z 

z     o 

o 

O 

O       at 

+-> 

a 

<3    ■ 

<N 

CVJ 

o  I 

■*->  1 

CM 

a     « 

I— 1 

o 

■*-• 

2       a 

ID     \ 
O 

i—t 

C\J 

cc 

a 

a       a 

■*-> 
□ 

o 

4-' 
0 

UJ 

fee 

UJ 

X 

CD 

< 

—1 

(/) 

-4-< 

*»          / 

a               ^^ 

o  . 

/ 

£>          / 

^ 

j? 

o 

Figure  4. 10.    Schematic  Diagram  of  the  Environmental  Cell 
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Figure  4. 11.    Temperature  Control  at  41°F 
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Figure  4. 12.    Temperature  Control  at  90°F 
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The  study  of  the  rate  of  crack  propagation  was  therefore  carried  out 
from  the  point  in  which  the  cracks  were  approximately  6  inches  long,  and 
this  rate  is  plotted  versus  the  stress-intensity  factor  (Figure 414).    It  is 
noted  that  once  more  the  Paris  law  relating  the  rate  of  crack  propagation  to 
the  stress  intensity  factor  is  applicable  and  the  exponent  is  4. 

Another  set  of  experiments  were  conducted  at  a  smaller  stress  level 
corresponding  to  a  load  of  700  pounds.    As  was  noted  previously,  once  again 
the  stress  intensity  factor  exceeded  its  critical  limit,  Klc,  and  cracks  be- 
came unstable  propagating  instantaneously  to  a  length  of  approximately  3± 
inches.    At  this  crack  length,  however,  due  to  reduction  in  the  stress-intensity 
factor  to  a  level  below  critical  limit,  the  fatigue  cracks  resumed  their  normal 
growth  pattern.    The  crack  growth  curve  for  this  test  is  presented  in  Figure 
4.15,  and  the  plot  of  the  rate  of  crack  growth  versus  the  stress-intensity  factor 
is  included  in  Figure  4. 14  . 

Similar  conclusions  can  be  reached  by  noting  that  for  a  crack  length  of 
about  2  inches  and  a  load  of  700  pounds,  the  stress-intensity  factor  has  a  value 

of  504  lbs. /in.    '     (Figure4.8).     For  a  4-inch  long  crack,  however,  K=  420  lbs./ 

3/2 
in.  which  corresponds  to  the  critical  stress-intensity-factor,  Klc,  for  the 

material  tested.    This  result  agrees  very  closely  to  results  of  Klc  previously 

reported  (11). 

(3)    Analysis  and  Discussion  of  Results  for  Tests  at  90°F 

At  this  test  temperature,  experiments  were  carried  out  at  two  load  levels 

of  250  and  300  pounds  which  were  selected  with  consideration  to  the  yield  stress 
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of  asphaltic  mixture  studied.    The  analysis  of  stress  distribution  within  the 
pavement  model  indicated  that  at  points  near  the  center  of  the  loaded  area, 
the  induced  stresses  exceed  the  yield  stress  of  sand  asphalt  mixture.    The 
analysis  of  stresses  at  points  further  away  from  the  center  of  loaded  area, 
however,  indicated  that  induced  stresses  are  sharply  reduced  with  an  in- 
crease in  the  radial  distance.    Therefore  at  points  located  outside  of  the 
loaded  area,  these  stresses  are  found  to  be  significantly  smaller  than  the 
yield  stress  of  sand  asphalt,  and  the  state  of  elastic  stress  distribution 
might  be  assumed  as  an  approximation. 

During  these  experiments  a  limited  number  of  x-ray  photographs 
were  taken  to  establish  the  crack  growth  pattern  of  asphaltic  slabs.    The 
number  of  x-ray  observations  were,  however,  limited  due  to  problems 
associated  with  the  temperature  control  and  the  time  required  for  bringing 
the  test  specimens  to  equilibrium  temperature.    Nevertheless,  the  results 
of  these  observations  indicate  that  at  this  temperature  the  equilbrium  shape 
of  the  top  and  bottom  cracks  are  very  similar  to  the  results  obtained  for 
"high  stress  level"  experiments  (see  discussion  in  Chapter  V).    The  typical 
crack  growth  curves  for  experiments  at  250  and  300  pounds  load  levels  are 
presented  in  Figs.  4.16  and  4.17.    It  is  noted  that  during  crack  growth  process, 
the  top  and  bottom  cracks  have  approximately  the  same  length  and  further- 
more a  substantial  amount  of  permanent  deformation  occurs  under  the  loaded 
area.    It  should  be  noted  that  the  analysis  of  crack  propagation  for  the  pavement 
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sections  located  directly  under  the  load  is  not  sufficiently  accurate  to  establish 
the  validity  of  crack  growth  law. 

This  experimental  inaccuracy  in  the  crack  growth  rate  evaluation  is 
associated  with  the  mode  of  crack  propagation  under  the  loaded  area.    It  has 
been  pointed  out  previously  (15)  that  the  first  crack  originates  under  the  center 
of  the  load  at  the  most  critical  flaw  or  near  the  pavement  interface  and  grows 
radially.    For  simplicity,  one  might  assume  that  the  initial  flaw  is  penny 
shaped  and  grows  as  a  plane  crack  in  both  the  depth  and  length  as  an  elipse. 
Eventually  this  crack  will  reach  to  the  top  surface  and  with  further  growth, 
the  crack  length  would  become  the  dominating  dimension  (Fig.  3.26-ref.  15).   How- 
ever during  the  period  that  this  half  penny  of  half  elipse  shaped  flaw  is  propa- 
gating upward  and  appears  partly  at  the  top  surface,  an  accurate  crack  length 
measurement  is  rather  impossible.    A  check  on  the  accuracy  of  x-ray  techniques 
and  compliance  method  has  been  carried  out  indicating  extreme  variability  in 
the  observed  crack  length  measurements  in  this  region. 

The  study  of  crack  propagation  in  the  regions  outside  of  the  loaded 
area  indicates  a  similar  crack  pattern  as  shown  previously.    It  is  interesting 
to  note  that  even  though  these  experiments  were  carried  out  at  a  relatively 
high  temperature,  the  crack  propagation  rate  follows  the  proposed  distress 
model.    The  analysis  of  results  of  the  top  cracks  as  shown  in  Figure  4. 18 
indicates  that  the  proposed  distress  model  is  also  applicable  at  this  test 
temperature. 
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At  this  point  it  should  be  mentioned  that  the  same  conclusion  cannot 
be  extened  to  analysis  of  beam  on  elastic  foundation.    In  the  beams  on  the 
elastic  foundation  tested  for  Mode  1  fracture,  the  propagating  crack  is  loca- 
ted directly  under  the  load  area  and  is  greatly  influenced  by  the  state  of  elas- 
tic-plastic stress  distribution.    At  high  temperatures  or  for  excessive  loading 
condition,  where  large  scale  yielding  occurs  under  the  loaded  area,  a  delay 
in  the  crack  propagation  is  imminent.    A  further  discussion  of  this  subject 
is  presented  in  Chapter  V. 

D.    Conclusion 

The  experimental  data  and  the  analysis  of  results  presented  in  this 
chapter  indicates  that  for  the  range  of  temperatures  investigated,  the  mech- 
anistic approach  to  the  fatigue  life  of  pavement  can  be  applied  to  predict  the 
rate  of  crack  propagation.    It  was  also  demonstrated  that  at  low  temperatures 
the  critical  stress-intensity  factor  is  the  failure  criterion.    Although  excessive 
permanent  deformation  occurs  under  the  loaded  area  at  high  temperatures,  the 
crack  propagation  outside  the  region  follows  the  proposed  distress  model. 

It  should  be  noted  that  in  this  study  due  to  limitations  of  experimental 
set  up  and  the  boundary  conditions  of  the  pavement  model,  the  evaluation  of 
the  effect  of  cyclic  temperature  on  the  crack  propagation  was  not  carried  out. 
However,  an  analytical  simulation  of  temperature  variability  in  a  real  pave- 
ment has  been  conducted  indicating  the  extent  of  temperature  differential  in  a 
typical  pavement  constructed  in  Ohio.    Considering  the  temperature  dependency 
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of  asphaltic  mixtures,  the  problem  can  then  be  approximated  with  a  layered 
system  of  varying  moduli.    For  the  analysis  of  the  initial  phase  of  crack  pro- 
pagation, which  is  nucleated  directly  under  the  load  and  propagates  upward, 
the  prismatic  finite  element  model  can  easily  be  adapted  to  a  layered  system 
of  varying  moduli.    For  the  analysis  of  crack  propagation  occurring  outside 
of  the  loaded  area,  the  proposed  distress  model  is  not  directly  applicable  to 
a  multi-layered  pavement  system.    The  analysis  requires  either  an  approxi- 
mation of  moment  function  generated  independently  for  a  multi-layered  system 
and  then  inputed  into  the  moving  load  program  or  selection  as  an  average  mod- 
ulus for  the  pavement  system  with  consideration  to  the  temperature  distribution. 
Then,  an  incremental  crack  growth  analysis  can  be  carried  out  using  the  dis- 
tribution of  average  temperatures  and  the  corresponding  pavement  modulus 
for  the  expected  load  duration.    Considering  that  the  distress  model  is  related 
to  the  fourth  power  of  the  load  and  square  root  of  the  modulus  (15) ,  the  error 
associated  with  such  an  approximation  for  the  pavement  modulus  is  rather 
insignificant  when  compared  to  the  effect  of  loads  of  variable  magnitude  on 
the  crack  propagation. 
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CHAPTER  V 
EFFECT  OF  HIGH  STRESS  LEVELS 
ON  FATIGUE  CRACK  PROPAGATION 
A.    Introduction 

This  part  of  the  investigation  is  concerned  with  the  analysis  of  crack 
propagation  when  fracture  phenomena  is  accompanied  by  some  permanent 
deformation.    The  permanent  deformation  and  shear  distortions  are  due  to 
repeated  application  of  stresses  of  high  magnitude  inducing  localized  or  large 
scale  yielding  under  the  loaded  area. 

In  this  chapter,  the  influence  of  such  a  phenomena  on  the  crack  propa- 
gation of  pavement  systems  and  the  method  of  material  characterization  using 
fracture  mechanics  principles  is  discussed. 

As  was  pointed  out  previously,  the  input  variables  needed  for  verifi- 
cation of  the  proposed  distress  model  are  determined  using  two-dimensional 
systems  of  beam  on  elastic  foundation.    In  such  a  system,  the  zone  of  stress 
singularity  lies  directly  under  the  loaded  area,  and  the  crack  propagation  is 
greatly  influenced  by  the  state  of  yielding  occurring  at  the  regions  ahead  of 
the  crack  tip.    In  real  pavement  systems,  similar  yielding  might  be  observed 
directly  under  the  loaded  area  influencing  the  first  stage  of  crack  propagation. 
In  the  regions  outside  the  loaded  area,  however,  the  state  of  elastic  stress 
distribution  predominates.    The  theoretical  evaluation  of  the  effect  of  local- 
ized yielding  on  the  fatigue  crack  propagation  requires  understanding  of 
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elastic-plastic  behavior  of  pavement  systems  under  induced  loading  and  geo- 
metrical conditions.    The  theoretical  formulation  of  the  problem  and  the 
development  of  basic  constitutive  equations  are  discussed  in  the  following 
sections. 
B.    A  Review  of  Mathematical  Formulations 

Purely  elastic  fracture  mechanics  studies  of  crack  tip  stress  and 
deformation  are  useful  but  limited  as  mentioned  by  Rice,  Drucker  and 
Rice  (46,47).    The  limitation  is  mainly  due  to  the  inherent  assumption  in 
elasticity,  which  disregards  the  geometrical  singularity  or  material  strength 
limit  at  the  point  where  stresses  are  concentrated.    As  observed  by  many 
researchers,  the  in-plane  stresses  for  plane  stress  and  plane  strain  are 
the  same  for  behavior  under  the  assumption  of  pure  elasticity,  yet  they  are 
quite  different  in  the  plastic  range  where  the  triaxiality  becomes  predominant 
and  cannot  be  neglected.    This  also  indicates  the  limitation  on  elastic  plane 
analyses  and  hints  that  the  triaxiality  would  be  taken  care  of  automatically 
by  a  more  general  three-dimensional  analysis.    Another  important  point 
which  cannot  be  overlooked  is  that  the  incremental  nature  of  plasticity  which 
gives  the  fracture  instability.    It  has  been  a  common  belief  that  most  ductile 
or  brittle  materials  undergo  some  plastic  deformation  in  regions  of  high  stress 
concentration,  and  fracture  precipitated  by  a  crack  is  always  preceded  by  an 
amount  of  plastic  deformation  at  the  crack  tip. 

In  recent  years,  the  plastic  analyses  have  been  successfully  applied 
to  certain  simple  cases  contigious  to  fracture  via  continuum  mechanics 
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approach.    Most  of  these  analyses  were  based  upon  the  deformation  theory 
of  plasticity  (46,47,48,49).    The  reason  for  using  the  deformation  theory  in 
lieu  of  the  more  reasonable  flow  theory  is  primarily  to  take  the  advantage  of 
mathematical  simplicity  while  at  the  expenses  of  some  physical  actuality. 
Since  it  has  been  commonly  accepted  and  confirmed  by  very  extensive  experi- 
ments that  the  plastic  behavior  is  of  incremental  type,  it  is  more  appropriate 
to  employ  the  flow  theory  to  develop  the  method  of  analysis,  particularly 
when  the  mathematical  complexity  of  such  a  theory  is  overcome  by  the  avail- 
ability of  the  numerical  methods  associated  with  computer  utilization,  such 
as  the  finite  element  technique. 

It  should  be  understood  that  the  theory  of  plasticity,  either  in  its 
physcial  or  mathematical  sense,  takes  as  its  starting  point  some  experi- 
mental observations.    The  theory  in  its  physical  sense  interprets  the  mate- 
rial behavior  in  terms  of  general  concepts  concerning  the  microscopic  struc- 
ture, while  the  mathematical  theory  discusses  the  material  behavior  on  a 
purely  phenomenological  basis. 

Some  basic  assumptions  are  necessary  for  a  tractable  mathematical 
theory  of  plasticity  to  be  developed.    They  are  based  on  the  experimental 
observation  and  mathematical  expediency  such  that  the  constitutive  equations 
can  be  formulated. 

In  the  first  place,  the  material  is  assumed  to  be  inviscid;  it  is  free 
from  the  effects  of  time  such  as  creep,  strain  rate  and  viscosity.    The  pro- 
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cess  is  quasi-static  and  the  deformation  is  infinitesimal  as  required  in  the 
conventional  linear  elasticity. 

It  is  assumed  that  the  material  belongs  to  a  class  of  isotropic,  homo- 
geneous continuum.  The  initial  isotropy  is  preserved  through  the  whole  pro- 
cess. This  assumption  greatly  simplifies  our  problem  by  neglecting  the  dim 
possibility  of  anisotropy  after  the  yielding.  Since  it  is  also  assumed  that  the 
elastic  strain  rate  is  on  the  same  order  of  plastic  strain,  the  assumption  of 
isotropy  would  give  us  a  good  approximation  in  the  engineering  sense. 

As  seen  from  the  mechanical  properties  of  the  material  in  which  we 
are  interested  as  well  as  from  the  experiments  on  other  materials  (50,51), 
the  effect  of  hydrostatic  pressure  on  yielding  point  and  the  plastic  strain  in- 
crement are  neglected.    It  follows  that  the  incompressibility  holds  in  the 
plastic  range. 

The  decrease  in  the  yield  point  during  a  cyclic  loading  process  is 
noted  as  Bauchinger  effect,  which  is  very  important  for  certain  materials 
in  cyclic  plasticity.    But  for  our  present  interest,  it  is  neglected.    As  a  direct 
consequence,  the  yielding  points  become  identical  for  tension  and  compression. 

The  absence  of  Bauchinger  effect  enables  us  to  invoke  the  isotropic 
hardening  rule,  which  simply  states  that  the  consecutive  yield  surfaces  which 
are  described  by  the  load  function  during  the  hardening  process  are  geometric- 
ally similar  expansions  in  scale  of  the  initial  yield  surface. 
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The  last  assumption  of  fundamental  importance  is  convexity  of  yield 
surface.  It  states  that  any  radius  drawing  from  the  center  of  the  enclosure 
of  a  yield  surface  cannot  intersect  the  surface  twice  (52). 

With  consideration  to  these  assumptions  and  the  mathematical  theory 
of  plasticity  in  recent  years,  numerical  methods  (particularly  the  finite  ele- 
ment method)  have  been  used  to  obtain  solutions  for  plastic  stress-strain 
fields  of  various  material  bodies.    Many  numerical  elastic-plastic  solutions 
for  cracked  or  sharply  notched  bodies  have  been  published,  employing  finite 
element  and  finite  difference  methods.    In  this  study,  a  general  purpose 
elastic-plastic  finite  element  program  developed  at  Ohio  State  University 
by  Dr.  R.  Sandhu  and  Dr.  R.  Singh  (53)  has  been  employed.    Utilizing  this 
program,  it  is  possible  to  predict  the  development  of  plastic  zones,  the 
displacements  strains  and  stresses  at  various  stages  of  loading  and  the 
residual  strain  distribution  on  load  removal.    The  yield  criterion  used  in 
the  program  is  a  modification  of  the  model  used  by  DiMaggio  and  Sandler  (54) . 
The  difference  is  that  the  yield  surface  expands  when  the  plastic  volume  in- 
creases, but  upon  unloading  the  yield  surface  will  not  contract.    This  is  in 
line  with  the  classical  theory  of  plasticity  of  work-hardening  materials. 

The  yield  function  combines  ideal  plasticity  and  strain-hardening. 
The  ideal  plastic  yield  condition  is  the  Drucker  and  Prager  line  which  is  the 
same  as  extended  VonMises  yield  criterion.    The  equation  for  this  line  is 
given  as: 


2 


^   =    a  Jx  +  J2      =   k  (5.1) 
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where  J^  ,  J2  are  the  first  and  second  stress  invariant.    The  strain  hardening 
of  the  yield  surface  consists  of  a  family  of  ellipses  each  of  which  corresponds 
to  a  single  value  of  plastic  volumetric  strain.    The  ellipses  are  assumed  to  be 
of  constant  eccentricity  and  having  axes  parallel  to  the  J„2  and  J,  axes  and 
their  centers  on  the  hydrostatic  axis.    The  equation  of  the  ellipse  is: 

(Ji  -  P0)2  J2 

f2    =     -Li —0-     +    -\   -1    =    0  (5.2) 

az  hl 

The  movement  of  the  cap  is  controlled  by  the  increase  in  the  plastic  volu- 
metric strain  and  work-hardening  is  not  reversible  in  any  stress  path. 

Upon  selection  of  proper  yield  function  and  using  incremental  analysis, 
the  elastic-plastic  boundaries  for  various  load  increments  are  determined. 
For  the  material  under  investigation,  i.e.  sand  asphalt,  it  is  assumed  that 
VonMises  non-strain  hardening  failure  criteria  is  applicable  and  the  yield 
function  corresponds  to  a  i\  (<r.-)  =  0.    The  analysis  was  carried  out  for  both 
conditions  of  <f>=  0  and  <j>=  30°,  and  typical  results  are  presented  in  Figures  5.1 
5.2    ,  5.3  ,  5.4  ,  and  5.5  corresponding  only  to  C  =  70  psi  and  0  =  0  condi- 
tion (T  =  90°F). 

In  these  analyses,  an  asphaltic  beam  of  2"  x  2"  x  24"  resting  on  an 
elastic  foundation  has  been  studied  (Figure  5.6).    The  crack  length  was  0.2 

inches  and  the  modulus  of  sand  asphalt  was  selected  as  32,000  psi  corresponding 
to  the  mechanical  properties  of  sand  asphalt  at  90°F.    A  similar  analysis  was 
carried  out  using  E  =  65,000  psi,  C  =  180  and  <p  =  30  corresponding  to  a  sand 
asphalt  mixture  tested  at  77°F. 
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Figure  5.1.    Plastic  Zone  Ahead  of  the  Crack  Tip  at  Stress  Increment  =  10.26  psi 
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Figure  5.2.    Plastic  Zone  Ahead  of  the  Crack  Tip  at  Stress  Increment  -  15.73  psi 

133 


<0 

ex 


^1 


_ 


Figure  5.3.    Plastic  Zone  Ahead  of  the  Crack  Tip  at  Stress  Increment  -  17 .41  psi 
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Figure  5.4.    P 


astic  Zone  Ahead  of  the  Crack  Tip  at  Stress  Increments  =  23. 82  &  25. 35  psi 
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Figure  5.5.    Elastic- Plastic  Boundaries  for  C  =  70  psi,  cp  =  0,  and  T  =  90°F 
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In  accordance  with  the  results  reported  by  Hilton  (55),  Hutchinson  (56), 
Marcal  (57)  and  Rice  (58),  it  is  noted  that  elastic-plastic  boundaries  grow  with 
an  increase  in  the  load  increments.     Furthermore,  the  maximum  radius  of 
plastic  zone  does  not  occur  directly  ahead  of  the  crack  tip,  rather  the  line  of 
maximum  plastic  radius  makes  an  angle  of  approximately  80  degrees  with  the 
crack  tip  direction  as  shown  by  other  investigators  (57  ,58).    Two  interesting 
observations  are  relevant  at  this  point.     First,  the  comparison  of  plastic  zone 
at  two  temperatures  at  77 °F  and  90 °F  indicates  that  at  higher  temperatures  a 
substantially  large  elastic-plastic  boundary  is  formed  at  the  crack  tip.    Second- 
ly, at  high  temperatures  such  as  90°F,  a  plastic  yielding  is  also  observed 
directly  under  the  loaded  area  which  extends  toward  the  interior.    The  exist- 
ance  of  such  yielding  conditions  at  higher  temperatures,  therefore,  it  expected 
to  influence  the  state  of  stress  distribution  and  the  rate  of  crack  propagation. 

As  has  been  argued  by  Liu  (59),  it  is  probable  that  due  to  the  size  of 
the  plastic  zone  ahead  of  the  crack  tip,  the  exponent  n  in  the  crack  propagation 
model  might  deviate  from  4  as  has  been  predicted  by  the  Paris  model.    In  fact, 
unpublished  results  by  Karamians  indicates  that  at  90°F,  the  exponent  n  for 
an  asphaltic  concrete  mixture  is  3.5  as  compared  to  value  of  4  obtained  at  77°F. 

Recently,  Hilton  and  Hutchinson  (25)  performed  an  elastic-plastic  an- 
alysis involving  the  plastic  intensity  factor  for  cracked  plates,  and  suggested 
that  the  initial  fracture  prediction  from  classical  fracture  mechanics  are 
accurate  for  applied  stresses  up  to  approximately  half  of  the  yield  stress. 
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Although  at  the  half  yield  stress  the  elastic-plastic  boundary  is  distorted 
from  that  associated  with  small  scale  yielding,  it  appears  that  the  classical 
approach  is  still  applicable. 

Under  the  condition  of  cr      <  .  5  cr  yield,  the  effect  of  plastic  yielding 
can  be  incorporated  in  the  stress  intensity  factor  as  given  by  equation  2.22 
in  Chapter  II.    From  the  material  characterization  viewpoint,  it  is  appro- 
priate that  for  tests  to  be  conducted  at  high  temperatures,  such  as  90°F  or 
over,  the  specimen  dimension,  crack  size  and  load  magnitudes  should  be 
selected  with  consideration  to  the  radius  of  plastic  zone  and  the  elastic-plas- 
tic boundary.    The  finite  element  program  used  in  this  study  or  similar 
available  programs  can  provide  an  accurate  estimate  of  elastic-plastic 
boundaries  and  their  influence  on  the  crack  propagation.    It  should  be  pointed 
out,  however,  that  at  this  time  a  general  purpose  three-dimensional  elastic- 
plastic  finite  element  program  capable  of  analyzing  cracked  bodies  is  unavail- 
able.   Besides,  the  operational  cost  of  such  a  program  will  prohibit  its  use 
for  routine  analysis  purposes.    Therefore,  in  this  investigation,  which  is 
concerned  with  the  response  of  a  cracked  slabs  resting  on  elastic  foundation, 
an  experimental  technique  was  utilized. 
C .    Experimental  Procedures  for  Slabs  Resting  on  an  Elastic  Foundation 

To  verify  the  effect  of  high  stress  levels  applied  to  asphalt  slabs  rest- 
ing on  an  elastic  foundation,  two  series  of  tests  were  performed.    All  the  tests 
were  done  using  the  MTS  in  load  control  and  a  loading  function  consisting  of  a 
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half-sine  function  with  a  duration  of  1.0  second  and  a  rest  period  of  0.8  seconds. 
These  experiments  were  conducted  at  room  temperature,  and  the  elastic  founda- 
tion used  was  the  one  referred  to  as  the  "old  foundation"  (see  appendix) .    Con- 
sequently, the  modulus  of  subgrade  reaction,  k,  corresponding  to  the  experiments 
described  in  this  chapter  was  somewhat  lower  than  the  value  used  in  all  other 
experiments  described  previously  (see  Appendix  A). 

In  the  first  series  of  test,  a  load  of  500  pounds  (corresponding  to  25.5 
psi  under  the  loaded  area)  was  applied  to  the  asphalt  slab.    This  load  level  was 
selected  because  it  was  found  experimentally  that  stresses  under  the  load  in 
excess  of  20  psi  were  sufficient  to  cause  permanent  deformation  under  the  load. 
The  second  set  of  experiments  was  performed  using  a  high  load  (600  pounds)  for 
3,000  cycles  so  as  to  develop  some  permanent  deformation  under  the  load,  and 
then  the  load  was  changed  to  300  pounds  and  continuing  the  test  until  failure 
occurred. 
D.    Analy_si_s_and  Discussion  of  Results 

The  results  from  these  tests  where  high  loads  were  used  show  that  the 
crack  pattern  in  the  slabs  was  very  similar  to  that  reported  in  Chapter  IV. 
Crack  measurements  were  made  using  the  same  technique,  i.e. ,  visual  mea- 
surements to  determine  the  length  of  the  top  cracks  and  x-ray  photographs  to 
determine  the  length  of  the  bottom  cracks.    The  change  in  the  center  deflection 
amplitude  was  also  similar,  as  it  can  be  seen  in  Figures  5.7  and  5.8,  where  the 
center  deflection  amplitude  measured  by  the  MTS  LVDT  is  plotted  versus  the 
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number  of  cycles.    These  figures  also  show  that  the  time  lapsed  between 
x-rays  was  considerably  smaller  than  80,000  to  100,000  cycles,  mainly 
due  to  the  fact  that  the  duration  of  these  experiments  was  much  shorter. 

The  main  difference  observed  in  these  tests  was  the  fact  that  there 
was  a  large  amount  of  permanent  deformation  under  the  loaded  area.     Fig- 
ure 5.9  shows  the  permanent  deformation  under  the  load,  plotted  versus  the 
number  of  cycles.    Except  for  the  initial  portion  where  the  initial  curvature 
is  significant  and  probably  due  to  some  viscoelastic  effect,  it  is  noted  that 
the  rate  of  change  in  the  permanent  deformation  was  approximately  constant 
with  the  change  in  the  number  of  cycles,  i.e.  following  a  relationship  of  the 

form: 

2.  =    C  (5.3) 

dN 

It  is  important  to  notice  that  this  amount  of  permanent  deformation 
was  not  caused  by  densification  of  the  material  under  the  load.    This  fact, 
can  be  substantiated  by  inspecting  Plate  5.1,  where  two  x-ray  photographs 
for  a  test  in  which  a  load  of  500  lbs.  was  used  is  presented.    It  is  noted  that 
the  dark  portion  at  the  center  of  the  picture,  corresponding  to  the  area  of  the 
slab  under  the  load,  gets  darker  as  the  test  progresses.    The  dark  area  in 
the  x-ray  is  an  indication  of  less  material  and  not  of  denser  material.    The 
conclusion,  therefore,  is  that  there  was  some  flow  of  material  from  under 
the  loaded  area  to  adjacent  areas,  and  this  was  the  cause  for  the  permanent 
deformation  under  the  load. 
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1.    X-Ray  Photograph  Showing  the  Center  of  the  Slab  after  25,  000 
Cycles  of  Load  Application. 


2.    X-Ray  Photograph  Showing  the  Center  of  the  Slab  after  65,  000 
Cycles  of  Load  Applications. 
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The  x-ray  photographs  also  showed  that  the  equilibrium  shape  of  the 
cracks  was  different  in  these  tests  than  those  previously  reported.    This  fact 
is  presented  graphically  in  Figures  5.10  and  5.11  where  the  bottom  and  top  cracks 
are  plotted  versus  the  number  of  cycles.    It  is  noted  that  the  difference  in  length 
between  the  top  cracks  and  bottom  cracks  was  smaller  than  before.    In  the  tests 
where  the  load  was  changed  to  300  pounds  after  the  first  3,000  cycles,  the  bottom 
and  top  cracks  had  approximately  the  same  length  from  the  point  where  the  load 
was  changed  until  the  end  of  the  test. 

Based  on  the  assumption  explained  in  item  A  of  this  chapter,  that  the 
elastic  stress- intensity  factor  can  be  used  whenever  the  stress  does  not  exceed 
half  of  the  yield  strength,  plots  were  made  of  the  rate  of  crack  propagation  ver- 
sus the  stress-intensity  factor.    The  results  are  presented  in  Figures 5.12  and 
5.13,  and  it  can  be  seen  that  indeed  the  rate  of  crack  propagation  followed  Paris' 
law  and  was  not  affected  by  the  amount  of  permanent  deformation  under  the 
loaded  area.    The  analysis  of  these  cracks  were  made  from  the  point  where 
the  cracks  were  outside  of  the  load,  to  the  point  of  failure. 
E.    Conclusions 

The  experimental  work  reported  in  this  chapter  involved  tests  on  slabs 
supported  on  an  elastic  foundation  and  subjected  to  high  stress  levels.    The 
results  showed  a  substantial  amount  of  permanent  deformation  under  the  loaded 
area  which  was  attributed  to  some  form  of  flow  of  the  material  from  under  the 
load  to  adjacent  areas.    The  permanent  deformation  measured  indicated  that 
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this  phenomenon  was  of  a  cumulative  nature  and  that  the  amount  of  irrecover- 
able deformation  varied  almost  linearly  with  the  number  of  load  applications. 

The  rate  of  crack  propagation  was  investigated  for  the  top  and  bottom 
cracks  from  the  point  in  which  these  cracks  were  outside  of  the  area  under  the 
load.    It  was  found  that  the  Paris  law  relating  the  rate  of  crack  propagation  to 
the  stress-intensity-factor  was  applicable  and  that  the  power  n  in  that  law  was 
found  experimentally  to  be  4. 

It  should  be  mentioned  that  the  permanent  deformation  induced  in  these 
experiments  by  applying  high  loads  to  the  asphalt  slab,  was  of  an  entirely  differ- 
ent nature  than  that  occuring  due  to  creep  or  viscoelastic  flow  which  is  so  common 
in  parking  lots  and  areas  of  the  highways  where  vehicles  travel  at  slow  speeds. 
The  tests  reported  in  this  section  involved  very  high  rates  of  loading,  rates  at 
which  the  asphaltic  material  composing  the  slabs  is  expected  to  behave  as  an 
elastic  and  elastic-plastic  material. 

The  analysis  of  elastic-plastic  stress  distribution  carried  out  for  a  two- 
dimensional  system  indicates  that  depending  on  the  load  magnitude  and  the  mate- 
rial characteristics,  elastic-plastic  boundaries  are  formed  in  the  vicinity  of  the 
crack  tip.    For  small  scale  yielding,  the  elastic  stress-intensity-factor  can  be 
modified  by  the  equation  given  in  Chapter  n.    However  for  sufficiently  large  zones 
of  plasticity,  the  power  n  in  the  Paris  crack  propagation  model  might  deviate  from 
its  theoretically  expected  value  of  4. 
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CHAPTER  VI 

APPLICATION  OF  THE  PROPOSED  MODEL  TO 
ANALYSIS  AND  DESIGN  OF  FLEXIBLE  PAVEMENTS 


A.  Introduction 

In  the  previous  chapters  of  this  report,  the  effect  of  load  and  environ- 
mental variables  on  the  crack  propagation  of  a  pavement  model  was  presented. 
The  experimental  data  and  the  theoretical  formulations  of  the  fracture  mechanics 
method  of  analysis  were  documented  and  the  applicability  of  the  proposed  distress 
concept  to  analysis  of  fatigue  crack  propagation  of  a  pavement  model  was  presented. 
As  the  ultimate  objective  of  this  study,  it  is  necessary  to  demonstrate  the  validity 
of  the  proposed  model  to  analysis  and  design  of  flexible  pavements  having  realistic 
boundary  and  geometrical  characteristics.    Since  the  proposed  method  of  analysis 
was  developed  using  an  asphalt  slab  resting  on  an  artificial  foundation,  it  would  be 
necessary,  as  a  first  step,  to  investigate  the  validity  of  the  concepts  developed  for 
pavement  slabs  resting  on  real  subgrade  soils.    Having  achieved  this  objective, 
the  applicability  of  the  proposed  model  to  analysis  and  design  of  typical  flexible 
pavements  will  then  be  discussed. 

B.  Verification  of  the  Model  for  a  Pavement  Resting  on  Subgrade  Soil 

To  investigate  the  applicability  of  the  proposed  distress  model  for  the  pre- 
diction of  fatigue  crack  propagation  in  a  flexible  pavement  resting  on  subgrade  soil, 
two  alternate  methods  of  analysis  were  reviewed.    Firstly,  consideration  was  given 
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to  the  modification  of  the  pavement  model  which  was  developed  in  this  study  and 
was  subsequently  used  for  the  experimental  verification  of  the  mechanistic  approach. 
However,  considering  the  geometry  of  a  typical  flexible  pavement  and  the  boundary 
conditions  of  this  facility,  it  can  easily  be  deduced  that  this  model  cannot  fulfill  the 
stress  distribution  requirements.    Besides  the  construction  of  a  subgrade  support 
with  uniform  properties,  as  might  be  required  for  this  theoretical  verification, 
cannot  be  easily  achieved. 

As  a  second  alternate  approach,  consideration  was  given  to  the  use  of  an 
experimental  full-scale  flexible  pavement  for  which  in-put  variables  and  material 
characteristics  can  easily  be  obtained.    The  results  of  the  studies  by  the  late 
Bonner  Coffman  (59)  on  the  analysis  of  fatigue  of  full-scale  pavements,  fulfill  the 
above  requirements.    In  this  study,  the  data  presented  in  the  research  report  of 
project  EES  296  (59),  "The  Fatigue  of  Flexible  Pavements,"  conducted  under  joint 
sponsorship  of  the  Ohio  Department  of  Transportation  and  the  U.S.  Department  of 
Transportation,  was  utilized. 

In  such  a  full-scale  flexible  pavement,  depending  on  the  constructional  pro- 
cedures, frictional  resistance  is  expected  to  be  fully  or  partially  developed  between 
various  layers.    Before  the  applicability  of  the  proposed  distress  model  to  such  a 
pavement  model  can  be  investigated,  the  effect  of  bonding  conditions  on  the  crack 
propagation  needs  to  be  verified.    The  mathematical  model  of  pavement  fatigue 
presented  by  Ramsamooj  (14,15)  incorporates  a  bonding  parameter  to  be  determined 
with  consideration  to  the  moment  function  and  induced  stresses  and  strains  in  the 
pavement  system. 
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In  this  study  an  independent  verification  of  the  proposed  model  was  carried 
out  by  evaluating  the  rate  of  crack  propagation  in  a  bonded  slab  resting  on  the  elastic 
foundation.    The  results  of  observations  on  the  growth  of  fatigue  with  the  number  of 
cycles  of  load  repetition  are  presented  in  Figure  6.1.    The  stress-intensity  factor  - 
crack  length  relation  calculated  for  the  bonded  slab  resting  on  the  elastic  foundation 
is  presented  in  Figure  6.2.    The  evaluation  of  the  rate  of  crack  propagation  as  pre- 
sented in  Figure  6.3,  indicates  that  the  proposed  distress  model  is  also  applicable 
to  bonded  slabs  resting  on  elastic  foundation.    However,  in  the  full-scale  flexible 
pavement  used  in  the  Coffman's  study,  the  nature  of  bond  between  the  flexible  pave- 
ment and  the  subgrade  soil  is  not  exactly  known.    Apparently  for  the  material  sam- 
pling purposes,  the  bond  between  the  pavement  and  the  subgrade  was  partially 
destroyed  using  a  layer  of  lime.    Therefore  in  this  study,  it  has  been  assumed 
that  during  the  second  stage  of  crack  propagation  where  the  lateral  extension  of 
cracks  occur,  the  unbonded  analysis  will  be  applicable.    This  assumption  leads 
to  a  more  conservative  analysis.    However,  for  the  analysis  of  the  first  stage  of 
crack  propagation,  due  to  relatively  large  shear  stresses  developed  under  the 
loaded  area  and  its  vicinity,  the  assumption  of  friction  interface  is  more  appropriate. 

With  respect  to  the  geometrical  characteristics,  it  should  be  noted  that  this 
pavement  was  constructed  as  a  full  depth  structure  with  uniform  material  properties. 
This  experimental  pavement  was  constructed  in  sections  of  varying  thicknesses, 
ranging  from  3.5"  to  9.5".    However,  observing  the  crack  growth  pattern  and  the 
experimental  data  available,  the  pavement  section  with  6.5"  thickness  was  found 
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to  be  most  suited  for  this  study.    This  pavement  was  tested  under  a  dynamic  load 
of  18  kips  distributed  over  a  circular  area  of  13.2  inches  in  diameter.    (The  de- 
tails of  the  experimental  data  in  this  test  section  is  summarized  in  Figure  A-7  of 
the  appendix  (ref.  59). 

The  first  crack  observed  during  this  experiment  was  located  on  the  north- 
eastern section  of  the  loaded  area  which  was  then  followed  by  the  other  cracks 
appearing  on  the  western  and  southeastern  directions  (Figure  6.4).    The  only 
crack  that  followed  a  normal  growth  pattern  was  that  of  the  southeastern  direction. 
The  crack  on  the  west  side  of  the  loaded  area,  however,  grew  at  first  in  a  normal 
pattern  and  then  suddenly  deviated  from  the  norm  and  became  unstable.    The  ob- 
servation of  the  overall  crack  pattern  in  this  experiment  indicates  that  the  pave- 
ment slab  failed  unsymmetrically.    The  unstable  crack  growth  of  the  western  crack 
was  most  probably  due  to  the  premature  failure  of  the  slab  on  the  west  side  of  the 
loaded  area  (Figure  6.4). 

The  analysis  of  crack  growth  of  this  test  pavement  indicates  that  the  first 
crack  was  sighted  outside  of  the  loaded  area  after  277,000  cycles  of  load  applica- 
tion.   There  is  no  data  available  for  the  first  stage  of  crack  propagation,  during 
which  the  crack  is  initiated  at  the  bottom  of  the  slab  and  grows  upward  in  an  ellip- 
tical shape.    However,  considering  the  crack  growth  pattern  of  the  pavement  model 
reported  in  this  study,  it  is  logical  to  assumed  that  the  first  crack  appeared  on  the 
surface  within  100,000  -  150,000  cycles  of  load  repetition. 

To  verify  the  applicability  of  the  proposed  crack  growth  model  to  the  analysis 
of  fatigue  of  this  test  pavement,  the  experimental  results  presented  by  Coffmann  (59) 
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were  utilized.    The  observed  data  on  dynamic  deflection,  strain,  pavement  tem- 
perature and  the  material  properties  are  presented  in  reference  59. 

The  asphaltic  concrete  mixture  used  in  the  Coffman  investigation  corre- 
sponds to  the  Ohio  Department  of  Transportation's  mixture  404.    The  Marshall 
test  results  on  this  mixture  is  presented  in  Figure  6.5.    The  results  of  the  dyna- 
mic modulus  experiments  conducted  at  various  frequencies  and  temperatures  are 
presented  in  Figure  6.6.    The  dynamic  modulus  of  the  asphaltic  concrete  was 
tested  at  a  frequency  of  30  radians/second  and  at  a  temperature  of  70°F.    The 
test  temperature  was  estimated  at  500,000  psi.    This  value  corresponds  very 
closely  to  the  modulus  of  mixtures  404  and  402  used  in  the  State  of  Ohio.     From 
the  experimental  data  presented  for  the  variation  of  dynamic  modulus  with  fre- 
quency, the  modulus  of  subgrade  soil  was  selected  at  19,500  psi.    Considering 
the  support  characteristics  of  subgrade  soil  in  Ohio,  this  value  corresponds  to 
a  relatively  good  subgrade  soil  with  an  equivalent  CBR  =  13  and  K  =  200. 

Utilizing  the  available  data,  a  crack  length  -  number  of  cycles  relation 
can  be  developed  as  shown  in  Figure  6.7.    In  this  figure   the  data  for  a  southeast 
and  west  crack  are  presented  along  with  actual  temperature  measurements  on  the 
test  pavement.    By  incorporating  the  moduli  of  the  pavement  layers,  pavement 
thickness  and  load  magnitude  into  the  mathematical  model  previously  described, 
the  stress-intensity  factor  -  crack  length  relation  for  this  pavement  is  calculated. 
The  results  of  K  -  C  relation  is  presented  in  Figure  6.8.    It  is  interesting  to  note 
that  in  this  pavement,  the  rate  of  change  in  stress-intensity  factor  woth  the  crack 
length  is  rather  small.    That  is,  even  at  a  crack  length  of  over  24  inches,  the 
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stress-intensity  factor  can  be  considered  large  enough  to  influence  the  rate  of 
crack  propagation.    However,  examining  the  experimental  data  presented  in 
Figure  6.4  (59),  it  is  noted  that  the  crack  growth  measurements  are  only  avail- 
able for  cracks  ranging  between  8  to  15  inches.    The  reason  for  the  crack  growth 
retardation  or  test  stoppage  at  a  crack  length  of  15  inches  as  shown  by  Coffman 
(59)  is  not  clear.    However,  it  is  believed  that  the  premature  failure  observed 
on  the  west  side  of  the  loaded  area  might  have  resulted  in  the  termination  of  this 
experiment. 

The  analysis  of  crack  growth  rate  carried  out  on  this  full-scale  pavement 
is  shown  in  Figure  6.9.    It  is  noted  that  the  propos  ed  distress  model  of  fatigue 
crack  propagation  is  also  applicable  for  this  pavement  structure.    The  exponent 
of  the  crack  growth  law  is  found  to  be  4.0.    It  should  be  noted  that  recent  works 
by  other  investigators  (60) (61)  has  shown  that  for  fine  grained  asphaltic  concrete 
mixtures  such  as  mixture  404  (Ohio  Department  of  Transportation  mix  designation) 
the  exponent  n  is  equal  to  4.    However  in  mixtures  with  large  size  aggregates,  such 
as  binder  and  asphaltic  base  course  (mix  301  and  402  of  Ohio  specifications),  the 
crack  growth  rate  is  retarded  leading  to  a  lower  value  for  this  exponent. 

As  it  has  been  pointed  out  previously,  the  crack  propagation  process  is 
influenced  by  two  material  constants,  cQ  and  A.    The  recent  works  by  Saraf  (60) 
and  Karamians  (61)  have  indicated  that  for  fine-grained  asphaltic  concrete  mixture 
as  that  used  by  Coffman  (59),  a  reasonable  value  for  Co  is  between  0.20  and  0.25 
inches.    The  constant  A  in  the  crack  propagation  model  is  influenced  by  the  mate- 
rial type  and  temperature.     For  the  asphaltic  concrete  mixture  used  in  Coffman's 
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experiment  A  is  equal  to  1  x  10~14#    Recently  Saraf  (60),  investigating  the  crack 
propagation  characteristics  of  asphaltic  mixtures  using  the  fracture  mechanics 
concepts,  has  arrived  at  a  correlation  between  the  dynamic  modulus  E*  and  para- 
meter A  as  given  by 

A  =  a  (E*)"m 
where  a  and  m  are  constants,  A  is  the  crack  growth  parameter  and  E*  is  the 
dynamic  modulus  determined  at  8  cycles/second  frequency.    The  constant  A 
calculated  using  the  empirical  equation  is  almost  identical  to  the  value  deter- 
mined from  Figure  6.9. 

As  it  was  indicated  previously,  Coffman's  data  did  not  provide  any  infor- 
mation with  respect  to  the  initial  stage  of  crack  propagation.    However,  it  was 
estimated  that  fatigue  cracks  appeared  on  the  surface  probably  after  100,00  to 
150,000  cycles  of  load  application.    To  verify  this  estimate,  fatigue  life  analysis 
can  be  carried  out  using  the  crack  growth  rate  equation  as  given  by: 


rcf   _j_ 

J  A  K 


Nf   =        /  J      dc 

cJ  AK4 


where  c    =0.2,  A  =  1  x  10~14  ancj  c    =  h  (pavement  thickness).    The  input  para- 
meter K  can  be  determined  using  either  the  3-dimensional  solution  given  by  Ram- 
samooj  (14)  or  a  two-dimensional  appoximation  of  the  pavement  system.    In  the 
two-dimensional  approximation,  the  pavement  is  replaced  by  a  beam  subjected  to 
a  reference  bending  stress  equivalent  to  that  of  the  pavement  system.    The  K  -  c 
relation  for  such  a  system  can  easily  be  calculated  by  the  methods  discussed  in 
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Chapter  II.    Another  alternate  method  of  analysis  for  the  first  stage  of  crack 
propagation  is  provided  by  the  prismatic  finite  element  program  as  discussed 
in  Chapter  II.    In  this  study  for  the  sake  of  simplicity  ,  the  two-dimensional 
approximation  was  used.    The  results  indicated  that  under  the  test  conditions 
presented,  105,000  cycles  of  load  repetition  are  required  for  the  flow  of  cQ  = 
0.20  inches  to  propagate  upward  reaching  to  the  top  surface.    The  lateral  growth 
of  this  crack  or  others  reaching  to  the  top  surface,  however,  require  a  substan- 
tially greater  number  of  load  repetitions.    This  longer  fatigue  life  or  slower 
propagation  of  cracks  in  the  lateral  direction  is  attributed  to  the  sharp  reduction 
of  stress-intensity  factor  with  an  increase  in  the  radial  distance  as  shown  in 
Figure  6.8.    The  results  of  Coffman's  investigation  as  well  as  the  data  presented 
in  this  report  indicate  that  the  number  of  cycles  of  load  repetition  required  for  the 
first  cracks  appear  on  the  surface  is  only  a  fraction  of  the  total  number  of  load 
applications  needed  for  the  aeral  extension  of  the  cracks.    The  lateral  growth 
of  the  fatigue  cracks  and  the  fatigue  of  the  pavement  model  requires  10  to  40  times 
greater  number  of  load  repetitions  than  needed  for  the  initial  stage  of  crack  pro- 
pagation. 
C.    An  Outline  of  Method  of  Design 

The  design  of  pavement  systems  against  fatigue  distress  involves  many 
complex  and  interrelated  variables.    The  theoretical  and  experimental  data  pre- 
sented in  this  report  have  established  that  the  rate  of  crack  propagation  in  a 
pavement  system  could  be  expressed  in  terms  of  material  properties  of  compon- 
ent layers,  geometrical  and  boundary  conditions.    Any  changes  in  the  material 
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characteristics  due  to  environment  or  time  would  then  influence  the  stress  dis- 
tribution within  the  pavement  system  and  the  crack  growth  process.    Similarly, 
the  fatigue  crack  propagation  is  affected  by  the  loading  variables  such  as  magnitude, 
frequency  and  pattern.    In  the  following  sections,  an  outline  of  method  of  analysis 
using  fracture  mechanics  is  presented. 
(1)    Material  Characteristics 

The  fatigue  crack  propagation  of  asphaltic  pavements  is  influenced  by  the 
material  properties  of  the  component  layers.    In  the  mechanistic  method  of  fatigue, 
the  effect  of  these  input  variables  on  the  pavement  distress  can  be  incorporated 
with  consideration  to  the  environmental  and  climatic  and  boundary  conditions.    The 
following  are  the  descriptions  of  the  influence  of  important  input  variables. 

(a)      Subgrade  Support 

The  subgrade  support,  expressed  either  in  terms  of  modulus  E*,  subgrade 
reaction  K  or  CBR,  contributes  greatly  to  the  stress  distribution  in  the  pavement 
system  and  the  rate  of  crack  propagation.    In  Figure  6. 10,  the  influence  of  subgrade 
support  on  the  K  -  c  relation  of  flexible  pavement  is  presented.    As  is  noted,  an 
increase  in  the  support  characteristics  of  the  subgrade  support  can  also  be  pre- 
sented in  terms  of  pavement  moduli  ratio  E1/E2.  As  is  expected,  a  larger  moduli 
ratio  contributes  to  a  larger  magnitude  of  stresses  in  the  pavement  layer  and  a 
higher  stress  intensity  factor. 

For  design  purposes,  it  is  recommended  that  the  support  characteristics 
of  the  subgrade  soil  and  its  statistical  distribution  be  determined. 
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Due  to  seasonal  variations  of  the  subgrade  support  characteristics,  it 
would  be  desirable  to  construct  a  modulus-distribution  curve  for  the  anticipated 
design  period.    In  the  analysis  of  crack  propagation,  an  appropriate  subgrade 
modulus  can  then  be  selected  for  suitable  time  increments  during  which  soil 
support  characteristics  remain  relatively  unchanged.    Nevertheless,  the  final 
choice  of  this  input  variable  rests  on  the  required  degree  of  confidence  set  forth 
in  the  design  specifications. 

(b)    Pavement  Moduli 

The  moduli  of  pavement  component  layers  directly  influences  the  extent 
of  stress  distribution  in  the  pavement  system  and  stress-intensity  factor.    As  is 
noted  from  Figure  6. 11,  the  stress-intensity  factor  for  a  given  crack  length  and 
thickness  is  affected  by  the  modulus  of  the  pavement  layer.    A  reduction  in  the 
pavement  modulus  or  a  lower  E-^/E2  ratio  results  in  a  lower  stress-intensity 
factor  and  reduction  in  the  zone  of  influence  of  the  wheel  load.    Since  the  modulus 
of  pavement  layer  is  influenced  by  the  environment  and  aging  process  of  asphaltic 
mixtures,  the  fatigue  design  should  incorporate  the  short  term  and  long  term  vari- 
ations of  this  input  variable.    With  consideration  to  the  temperature  distribution 
in  the  pavement  system  and  the  seasonal  variations  of  the  pavement  temperature, 
an  average  modulus  distribution  curve  can  be  constructed  for  the  anticipated  design 
period.    An  incremental  analysis  of  crack  propagation  can  then  be  carried  out  using 
the  average  modulus  of  the  pavement  system  for  suitable  time  increments.    During 
these  selected  time  intervals,  the  subgrade  modulus  can  be  determined  from  the 
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subgrade  support  distribution  curve  as  discussed  previously.    Therefore,  the 
crack  growth  increment  Ac  for  a  time  interval  of  ^T  can  be  calculated  using 
appropriate  K/P  -  c  curves  and  with  consideration  to  the  anticipated  traffic 
volume  for  this  time  period. 

(c)    Fatigue  and  Fracture  Constants 

The  input  variables  influencing  the  fatigue  and  fracture  process  of  flex- 
ible pavements  can  be  determined  using  laboratory  characterization  techniques 
discussed  previously.    Utilizing  the  fracture  toughness  experiments,  the  crit- 
ical stress-intensity  factors  K-ic  and  K2C  of  the  paving  mixture  can  be  calculated. 
Fatigue  experiments  should  also  be  conducted  on  beams  supported  on  elastic  foun- 
dation and  the  crack  growth  parameters  A,  c    and  n  be  determined. 

Previously  documented  research  results  indicate  that  for  fine-grained 
asphaltic  concrete,  the  exponent  n  is  equal  to  4.0;  whereas,  the  unpublished 
results  on  asphaltic  concrete  with  large  size  aggregates  such  as  mix  301  and 
402  of  Ohio  specifications  indicate  that  this  exponent  n  is  considerably  smaller 
than  4.0.    This  reduction  in  the  crack  growth  exponent  is  attributed  to  the  effect 
of  large  aggregate  particles  retarding  the  crack  propagation.    This  crack  growth 
retardation,  similar  to  the  effect  of  sequential  loadings,  leads  to  a  longer  fatigue 
life.    Considering  typical  flexible  pavements  constructed  in  Ohio,  the  layers  of 
301  and  402  materials  comprise  the  greatest  thickness  of  the  pavement.    The 
fine-grained  asphaltic  concrete  mixture  (mix  404)  is  only  a  fraction  of  the  total 
thickness  of  the  pavement  ranging  from  3/4  to  1-1/4  inches.    As  an  example, 
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under  the  construction  conditions  prevailing  in  the  State  of  Ohio,  the  average 
value  of  exponent  n  for  301  and  402  asphaltic  concrete  layers  has  been  found 
to  be  2.5,  whereas  for  the  fine-grained  asphaltic  concrete  (404  mixture)  n  =  4.0. 
It  is  rather  obvious  then  that  the  selection  of  n  =  4.0  leads  to  a  very  conservative 
design.     For  a  more  realistic  analysis,  this  exponent  must  be  selected  with  con- 
sideration to  its  statistical  variability  and  its  influence  on  the  life  prediction. 

It  should  be  noted  that  the  exponent  n  is  also  influenced  by  load  and  en- 
vironmental factors.    As  has  been  discussed  previously,  sequential  loadings 
result  in  crack  growth  retardation  and  reduction  in  this  exponent.    Similarly, 
experiments  conducted  at  high  temperatures  and  under  high  stress  levels  might 
result  in  large  scale  yielding  which  will  subsequently  influence  the  crack  growth 
exponent. 

The  fatigue  crack  growth  parameters  Co  and  A  are  two  other  material 
constants  which  can  be  determined  from  beam  on  elastic  foundation  experiments. 
The  results  of  previous  research  has  indicated  an  average  value  of  cQ  might  be 
selected  for  fine-grained  asphaltic  concrete  between  0.20  to  0.25  inches.    For 
asphaltic  concrete  mixtures  with  large  size  aggregates,  this  parameter  might 
vary  between  0.20  to  0.5  inches.    The  fatigue  parameter  A  has  also  been  found 
to  vary  between  10        to  10"      for  bituminous  mixtures  of  varying  composition. 
For  fine-grained  asphaltic  concrete  mixtures,  an  average  value  of  1  x  10        might 
be  selected  for  tentative  design  purposes. 
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(2)    Traffic  Loading 

The  experimental  data  presented  in  this  report  indicate  that  fatigue  crack 
propagation  is  greatly  influenced  by  the  load  sequence  and  pattern.    It  is  evident 
from  the  findings  of  this  study  that  the  application  of  random  loading  results  in  a 
delay  of  the  fatigue  crack  propagation  rate  as  compared  to  the  effect  of  monotonic 
loading.    It  is  therefore  recommended  that  when  a  conservative  design  is  justified, 
the  crack  propagation  model  corresponding  to  a  monotonic  loading  is  to  be  used; 
whereas,  for  an  exact  analysis  or  for  the  purpose  of  determining  safety  factors, 
a  crack  propagation  model  for  sequential  loading  would  be  appropriate. 

In  the  design  method  using  the  monotonic  loading,  an  equivalent  daily  traf- 
fic number  for  18  kips  axle  load  can  be  determined  using  procedures  currently 
available.    The  Asphalt  Institute  method  of  determining  design  traffic  number 
might  be  selected  for  this  purpose.    However,  for  an  exact  analysis  of  the  fatigue 
crack  propagation,  it  is  recommended  that  traffic  data  be  collected  such  that  it 
can  provide  information  with  respect  to  load  magnitude  and  pattern.     From  this 
data,  a  "load-train"  simulating  the  actual  load  sequence  and  pattern  of  the  antici- 
pated traffic  can  be  constructed  (Figure  6. 12). 

Utilizing  this  "load-train,"  fatigue  experiments  should  then  be  conducted 
on  beams  resting  on  elastic  foundation  from  which  the  constants  A,  c0  and  n  are 
easily  determined.    It  has  been  shown  previously  (Figure  4.2  and  conclusions  of 
Chapter  III)  that  these  material  constants  are  the  same  for  both  beams  on  elastic 
foundation  and  the  slabs  resting  of  elastic  support.    Therefore,  the  results  of  a 
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two-dimensional  distress  model  developed  from  beam  on  elastic  foundation  experi- 
ments would  also  be  applicable  to  analysis  of  pavement  systems. 

The  next  step  in  the  analysis  of  the  traffic  data  is  concerned  with  the 
determination  of  load  equivalency  factors.    The  load  equivalency  factor  for  tandem 
axles  can  be  calculated  with  consideration  to  the  axle  spacing  and  the  shape  of  the 
influence  line  for  stress-intensity  factor.    The  load  equivalency  factor  is  defined 
as  the  destructive  ratio  or  crack  ratio  produced  by  one  passage  of  the  tandem 
axle  load  as  compared  to  the  effect  of  an  18,000  pound  single  axle  load.    Since 
the  damage  rate  is  proportional  to  the  fourth  power  of  the  stress-intensity  factor 
(or  load) ,  then  the  equivalency  factor  can  be  obtained  by  taking  the  ratio  of  the 
fourth  power  of  the  rises  and  falls  in  the  influence  lines  for  K. 

Two  typical  influence  lines  for  K  for  an  18  kip  single  axle  and  a  36  kip 
tandem  axle  load  moving  directly  over  a  longitudinal  crack  of  2  feet  long  is  shown 
in  Figures  6.13  and  6.14. 

Other  similar  influence  lines  can  be  developed  for  other  pavement  struc- 
tures using  the  computer  program  presented  in  this  report  and  in  references  (14) 

and  (15).    The  load  equivalency  factor  can  then  be  expressed  as: 

(hkl)4    +    (hk2)4 
L.E.   Factor  = 


0V 


where  hy-    is  the  rise  and  fall  in  the  influence  line  of  the  18  kip  single  axle  load, 
and  h^    and  h^    are  defined  as  shown  in  Figures  6. 13  and  6. 14. 
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(3)  Analysis  and  Evaluation 

The  basic  principle  of  the  fatigue  analysis  as  presented  in  this  report 
is  that  damage  will  be  proportional  to  rises  and  falls  in  the  load-time  history 
of  random  loading  as  illustrated  in  Figure  6. 12. 

The  exace  damage  per  passage  of  axle  load,  dc/dN,  might  be  expressed 

by 

dc  ni  no 

—  =    AlKl    1  +  A2  K2    2 

where  K-^  and  K2  =  average  of  the  rises  and  falls  of  the  stress-intensity  factors 
corresponding  to  the  peak-to-trough  rises  and  falls  in  the  K-time  histories. 

The  components  of  the  stress-intensity  factors,  K4  and  K>>,  for  a  pave- 
ment slab  for  any  configuration  of  wheel  loads,  for  any  size  and  location  of 
crack,  and  for  any  combination  of  the  thicknesses  and  material  properties  of 
the  component  layers,  can  be  calculated  by  the  procedures  described  previously. 
Typical  influence  lines  for  K-^  and  K2  for  a  semi-infinite  crack  for  a  full-scale 
pavement  are  shown  in  Figure  6.15  (see  reference  14,15). 

To  determine  the  fatigue  crack  propagation  in  the  pavement,  it  is  nec- 
essary to  determine  the  size  and  distribution  of  starter  flaws,  cQ,  in  the  pave- 
ment.    For  a  typical  pavement,  the  lateral  distribution  of  wheel  loads  may  be 
assumed  to  be  as  shown  in  Figure  6. 16.     Evidently  the  fastest  crack  growth 
will  take  place  under  the  greatest  concentration  of  loading  since  the  stress-intensity 
factor  is  highest  there.    Thus,  the  cracking  will  be  assumed  to  be  primarily  along 
the  wheel  track  and  perpendicular  to  it  as  shown  in  Figure  6.16. 
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Figure  6.15.  Typical  Influence  Lines  for  K,  and  Kg  for  a  Semi- 
Infinite  Crack 
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The  size  of  the  starter  cracks  along  the  line  of  cracking  may  be  deter- 
mined by  applying  statistical  analysis  to  laboratory  tests  on  specimens  prepared 
in  the  laboratory  or  on  specimens  cut  from  the  pavement  at  regular  intervals. 
Only  the  upper  range  of  c0  values  will  be  of  practical  interest  since  for  exceed- 
ingly small  values  the  crack  will  not  propagate  to  the  surface  in  the  design 
period  of  the  pavement. 

As  it  was  pointed  out  previously,  in  flexible  pavements  the  crack  propa- 
gation is  observed  in  two  distinct  stages.     First,  the  inherent  flaws  located  at  the 
bottom  of  pavement  layers  propagate  upward  reaching  to  the  top  surface.    Secondly, 
the  lateral  extension  of  cracks  occur  under  induced  K-^  and  K>>  stress-intensity 
factors.    An  analysis  of  a  typical  flexible  pavement  constructed  in  Ohio  indicates 
that  the  fatigue  life  for  the  first  stage  of  crack  propagation  is  only  a  fraction  of 
the  total  life. 

The  number  of  load  applications  required  for  the  first  stage  of  crack  pro- 
pagation can  be  determined  from  a  two-dimensional  approximation  of  pavement 
systems.    In  this  analysis,  a  hypothetical  simply-supported  beam  or  beams 
resting  on  elastic  founcation  is  substituted  for  the  pavement  slab  and  is  subjected 
to  a  reference  bending  stress,  <x*,  equivalent  to  that  of  real  pavement.    The  refer- 
ence bending  stress,  cr*,  can  be  calculated  using  a  mulit-layer  elastic  program 
and  load,  geometrical  and  material  variables  of  real  pavement  structure.    Thus, 
the  load  on  the  two-dimensional  specimen  would  be  selected  such  that  to  provide 
an  equivalent  reference  bending  stress.    Since  according  to  Figure  6.17  the  rela- 
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tion  between  K/cr*  and  c/d  is  independent  of  boundary  conditions,  the  choice  of 
two-dimensional  system  merely  depends  on  the  availability  of  the  method  of 
analysis  for  K  -  c  relation.     For  a  beam  on  elastic  foundation  test  conditions, 
finite  element  program  or  boundary  collocation  method  can  be  used  to  calculate 
K  -  c  relation.     For  simply-supported  beams,  the  non-dimensionalized  relation 
shown  in  Figure  2.2  is  applicable.    The  fatigue  life  for  the  first  stage  of  crack 
propagation  can  then  be  estimated  using  equation  2.15  and  parameters  c   ,  n  and 
A  determined  from  beam  on  elastic  foundation  experiments  and  K  -  c  relation. 
As  was  pointed  out,  the  use  of  simply-supported  beams  for  determination  of 
fatigue  life  of  a  hypothetical  beam  with  a  thickness,  reference  bending  stress 
cr*  and  material  properties  equal  to  that  of  real  pavement  is  justified  due  to 
uniqueness  of  K/cr*  -  c/d  relation.    However,  the  fatigue  constants  (parameters 
c0,  n  and  A)  must  be  determined  experimentally  using  a  beam  on  elastic  founda- 
tion and  under  a  monotonic  random  loading  or  load-train  simulation  pavement 
condition.    The  use  of  beam  on  elastic  foundation  testing  conditions  is  needed 
to  eliminate  the  effect  of  creepon  these  material  constants. 

As  a  result  of  these  fatigue  life  analyses  and  from  a  known  statistical 
distribution  of  initial  starter  flaws  at  the  bottom  of  asphalt  layer,  the  distribution 
of  top  surface  cracks  as  a  function  of  time  (load  repetition)  and  space  are  easily 
determined. 

Confining  attention  to  the  growth  of  these  surface  cracks  in  a  small 
representative  section  of  the  pavement,  it  can  be  assumed  for  simplicity  that 
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the  distribution  of  these  cracks  are  such  that  there  is  no  interaction.    For  each 
crack,  the  stress-intensity  factors  Ki  and  K2  will  be  calculated.    Then,  integrate 
the  rate  of  crack  propagation  numerically  for  one  passage  of  the  load  train  and 
obtain  the  increment  of  damage.    Damage  is  defined  as  the  length  of  crack  inclu- 
sive of  the  plastic  zone  formed  at  the  crack  tip  or  for  simplicity  as  the  length 
of  the  crack.    Thus,  the  increment  of  damage,  ^c,  is 


n    r 

p  =  i  L 


^V^     +A2^Vn 


where  Klp  and  K^p  =  averages  of  the  rises  and  falls  of  the  influence  lines  for  K-^ 
and  K    respectively,  of  the  stress-intensity  factor  for  each  crack  for  the  p 
axle  load. 

Increase  the  length  of  the  cracks  and  compute  K^  and  Kg  again.    If  the 
maximum  values  of  K-,  and  K9  exceed  K-,     and  K9,,,  the  critical  values  of  Kt  for 
any  axle  loads  in  the  load  train,  the  cracks  will  propagate  rapidly  and  the  pavement 
will  be  considered  to  have  failed.    If  not,  then  increase  each  crack  length  by  the 
increment  of  damage,  4c,  and  repeat  the  procedure. 

Compute  at  reasonable  intervals  the  length  of  longitudinal  and  transverse 
crack  for  each  location  of  the  assumed  starter  flaws,  and  determine  the  total 
cracking  area  as  the  product  of  the  sum  of  the  longitudinal  cracks  and  the  average 
length  of  the  transverse  cracks. 

Thus  at  regular  intervals,  the  maximum  values  of  K-,  and  Kg  and  the  total 
area  of  the  cracking  will  be  known.    If  K-^  and  Kg  exceed  the  critical  values  of  Klc 


186 


and  K2c,  then  the  pavement  will  fail  by  rapid  crack  expansion.    On  the  other  hand, 
K..  or  Kg  may  never  exceed  K..     or  K~     even  if  the  length  of  cracks  becomes  ex- 
ceedingly long.    In  such  cases  it  is  convenient  to  adopt  the  suggestion  of  Zube 
and  Skog  that  when  the  "alligator"  type  cracking  exceeds  ten  per  cent  of  the  total 
area,  the  pavement  should  be  considered  to  have  failed. 

In  this  discusssion,  longitudinal  and  transverse  cracks  have  been  con- 
sidered as  the  primary  mode  of  crack  propagation.    In  reality,  of  course,  cracks 
in  other  directions  and  parallel  to  the  main  cracks  will  also  develop  rapidly  into 
the  well-known  alligator  pattern  (hexagonal  shaped  cracks) .    The  alligator  pattern 
may  be  deduced  directly  from  the  Griffith  theory  of  fracture  which  requires  that 
that  total  surface  energy  expended  to  form  new  surfaces  must  be  a  minimum.    Math- 
ematically it  seems  that  this  condition  is  best  satisfied  for  hexagonal  shape  cracks 
in  preference  to  triangular,  quadrilateral  or  pentagonal  shaped  cracks. 

Once  the  primary  mode  of  crack  propagation  has  reached  an  advanced 
stage,  the  secondary  and  tertiary  modes  of  cracking  leading  to  the  completion  of 
the  alligator  pattern  will  follow  in  rapid  succession.    Thus,  the  definition  of  the 
failure  criteria  based  on  the  primary  mode  of  crack  propagation  is  sufficiently 
accurate  to  obtain  an  estimate  of  the  service  life.    Should  the  pavement  design 
prove  to  be  unsatisfactory,  a  new  design  must  be  made  and  the  analysis  for  the 
service  life  repeated. 


187 


(4)   Design  Example 

To  illustrate  the  applicability  of  the  fracture  mechanics  principles  as  a 
fatigue  design  subsystem,  consider  as  an  example  a  full-depth  flexible  pavement 
constructed  in  Franklin  County,  Ohio,  S.R.  317.    The  proposed  asphaltic  pave- 
ment structure  is  composed  of  1^"  of  asphaltic  surface  course  (mixture  404),  lA" 
of  asphaltic  leveling  course  (mixture  402)  and  6"  of  asphaltic  base  course  (mix- 
ture 301).    This  flexible  pavement  structure  is  constructed  over  a  4"  granular 
subbase  of  404  and  a  silty  clay  subgrade. 

The  activities  involved  in  the  design  verification  process  of  this  pave- 
ment structure,  as  shown  in  Figure  6.18,  are  as  follows: 

(a)    Material  Properties 

(i)    Support  Characteristics:    The  soil  support  characteristics  of 
pavement  structure  has  been  determined  using  both  undistrubed  soil  specimens 
as  well  as  an  in  place  -  nondestructive  method  (dynaflect  deflection) .    The  deflec- 
tion measurements  at  various  stations  and  at  various  time  intervals  provide 
desired  information  with  respect  to  the  time  and  space  variation  of  pavement 
support  condition.    In  this  analysis,  the  modulus  of  soil  subgrade  and  granular 
base  combined  are  assumed  to  be  20,000  psi. 

(ii)    Pavement  Moduli:    The  moduli  of  pavement  layers  (mixtures  404, 
402  and  301)  have  been  determined  from  field  cores  as  well  as  nondestructive 
measurements.    The  laboratory  measurements  have  been  conducted  on  cylin- 
drical and  beam  specimens  of  mixture  301  (asphalt  base  course).    The  modulus 
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determination  for  mixtures  404  and  402  were  carried  out  on  beam  specimens  of 

individual  mixtures  as  well  as  on  composite  beams.    The  in-situ  nondestructive 

testing  using  dynaflect  also  has  provided  desired  information. 

Assuming  that  this  trail  design  is  based  on  the  average  temperature  of 

77°F,  the  moduli  of  pavement  layers  are: 

Mix  404  E  =  300,000  psi 

Mix  402  E  =  300,000  psi 

Mix  301  E  =  200,000  psi 

(iii)    Fatigue  Resistance  Parameters:    Since  in  this  trail  design  a 
conservative  estimate  of  the  fatigue  life  is  sought,  the  sequential  and  random 
loading  conditions  experienced  in  the  field  is  approximted  by  a  monotonic  load- 
ing.   The  beam  specimen  obtained  from  the  field  were  then  subjected  to  beam 
on  elastic  foundation  experiments  under  monotonic  loading  condition.    However, 
if  a  more  exact  analysis  of  fatigue  life  is  required,  the  beam  specimens  should 
have  been  subjected  to  a  random  loading  or  sequential  loading  simulating  the 

real  traffic  loading. 

The  fatigue  parameters  c   ,  A  and  n  for  asphaltic  mixtures  are  determined 
using  beam  on  elastic  foundation  experiments.    These  parameters  can  be  obtained 
using  a  minimum  of  three  notched  specimens,  c0  =  0.25"  and  three  unnotched 
specimens.    The  K  -  c  relation  can  be  determined  using  finite  element  program, 
boundary  collocation  method  or  experimental  method  (Appendix  E  and  F).     From 
the  results  of  notched  specimens  where  c      c^,  K  -  c,  and  Nf  are  known,  the 
parameters  n  and  A  can  be  determined.    Similarly,  from  the  results  of  unnotched 
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specimens  using  c-N  and  K-c  relations,  the  parameters  n  and  A  can  easily  be 

obtained.    Using  the  program  given  in  Appendix  G  and  known  variables  K-c,  Cf, 

n,  A,  and  Nf,  the  parameter  c0  is  determined. 

The  average  fatigue  parameters  for  mixtures  404  and  402  are  as  follows: 

A   =    1.68  x  10"10 
n   =    2.75 
cQ    =    0.19 

For  mixture  301,  asphaltic  base  course,  the  average  fatigue  parameters  are: 

A   =    1.5  x  10"10 

n   =    2.5 

c      =0.22 
o 

It  should  be  noted  that  for  a  rational  analysis  of  fatigue  life  expectancy, 
the  statistical  distribution  of  these  fatiuge  parameters  should  be  determined. 
However,  for  the  purpose  of  simplicity  in  this  analysis,  only  the  average  values 
of  these  parameters  are  used. 

During  the  first  stage  of  crack  propagation,  the  crack  grows  very  rapidly 
whenever  the  crack  length  exceeds  half  the  pavement  thickness.    Therefore,  the 
characteristics  of  a  thin  layer  of  surface  course  (mixes  404  and  402)  does  not 
significantly  influence  the  first  stage  of  crack  propagation  and  the  fatigue  life 
depends  mostly  on  the  characteristics  of  asphaltic  base  course  such  as  c      n  and 
A. 

(b)    Traffic 

A  detailed  traffic  composition  data  on  this  roadway  is  not  available  at 
this  time.  The  present  design  is  based  on  an  expected  design  traffic  number 
(daily  equivalent  18  kips  axle)  of  40  to  50.    Without  consideration  to  the  wheel 
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path  distribution  of  the  loads,  it  can  therefore  be  assumed  that  this  pavement  must 
tolerate  3  x  105  to  4  x  105  cycles  of  load  repetition  in  20  years  of  service. 

It  should  be  noted  that  in  this  trial  example,  a  conservative  estimate  of 
fatigue  life  is  determined  using  monotonic  loading  conditions.    However,  if  an 
exact  estimate  of  fatigue  life  is  required,  a  detailed  traffic  survey  should  be  con- 
ducted to  determine  the  traffic  load  sequence  and  pattern. 

(c)    Analysis 

Using  a  multi-layer  elastic  program  for  a  wheel  load  of  9,000  lbs.  and 
tire  pressure  of  75  psi,  the  reference  bending  stress  of  cr*  =  74.9  and  a  strain  of 
2.35  x  10~4  in. /in.  is  obtained.    This  corresponds  to  a  fatigue  life  of  approximately 
1  x  10    cycles  of  9,000  lbs.  load  application  when  calculated  using  allowable  tensile 
strain  criteria. 

To  calculate  the  expected  life  for  the  upward  crack  propagation  (first  stage), 
a  hypothetical  beam  of  unit  width  and  height  of  h  =  8.5  and  36"  span  was  envisioned. 
The  load,  P,  required  to  result  in  a  reference  bending  strain  ofcr*  =  74.9  was  there- 
fore calculated.     From  Figure  (2.2),  the  K-c  relation  was  then  determined  using 
the  non-dim ensionalized  parameters.    The  expected  fatigue  life  for  the  average 
values  of  fatigue  parameters  is  found  to  be  80,000  cycles  of  9,000  lbs.  wheel  load. 

At  this  point,  it  can  then  be  stated  that  after  80,000  cycles  of  load  application, 
all  starter  flaws  of  co>0.22  inches  have  propagated  to  the  surface.    All  starter 
flaws  of  smaller  than  this  value  require  a  greater  number  of  load  applications  before 
appearing  on  the  top  surface.    Therefore  at  any  time,  the  distribution  of  the  top 
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surface  cracks  can  be  determined  using  the  distribution  of  the  initial  starter  flaws 
and  the  number  of  load  applications  that  pavement  has  experienced  during  this 
period.    Then  lateral  extension  of  cracks  (second  stage  of  crack  propagation) 
can  be  determined  using  computer  programs  presented  in  Appendix  D.     In  Figure 
6. 19  the  effect  of  thickness  on  the  Kj/P-c  relation  is  shown.    The  effect  of  K2 
on  the  pavement  fatigue  can  also  be  calculated  using  the  moving  load  program 
(Appendix  D) . 

Depending  on  the  degree  of  reliability  sought  by  the  designer,  the  pavement 
might  be  considered  failed  either  after  the  first  stage  of  crack  propagation,  or 
whenever  the  lateral  extension  of  cracks  occupies  a  known  percentage  such  as 
10%  of  the  total  pavement  surface  area.    The  first  case,  however,  appears  to  be 
more  critical  and  the  pavement  thickness  should  be  selected  to  maximize  the  time 
required  for  the  initial  flaws  to  propagate  upward.    Since  an  8.5  inch  pavement 
thickness  appears  to  be  unsatisfactory,  the  next  design  trial  is  carried  out  using 
h  =  10  inches.    The  reference  bending  stress  cr*,  is  calculated  to  be  60.8  psi, 
and  the  strain  at  the  bottom  of  the  asphalt  layer  is  found  to  be  190.5  micro  in. /in. 
Considering  the  allowable  tensile  strain  criteria,  the  fatigue  life  is  estimated  at 
250,000  cycles.    However  using  the  fracture  mechanics  subsystem,  as  outlined 
previously  and  for  the  average  c0  =  0.22  inch,  the  fatigue  life  is  found  to  be  Nf  = 
154,300. 

As  was  indicated  previously,  in  the  pavement  section  having  cQ  >  0.22 
inches,  the  fatigue  life  is  smaller  than  the  average  value.    As  an  example,  when 


193 


CO 

C 

•i-j 

U 

bJD 

0 
CD 

o 

OS 
*h 

O 


CD 

«4H 


■a 

S3 
CD 

o 

a 

U      CO 
U     CD 


CO 
CO 


^3 

a    cd 

>>  2 

•4->        > 

■ih    ca 

CD 


I 
CO 

CO 
CD 
U 


CX> 
CD 

u 

3 
faC 


Pn 


O 


q  q  q  o 

g/ g  *sui  x  'd/M  *pBOl/Jo:)OB^  Ajisua^ui-ssajqs 


194 


cQ  is  equal  to  0.3,  Nf  is  equal  to  135,000  and  when  c0  is  equal  to  0.5,  Nf  is  equal 
105,000.    Therefore,  after  an  approximate  100,000  cycles  of  equivalent  18  kips 
load  application,  cracks  start  appearing  on  the  surface.    The  frequency  of  occur- 
rence of  these  cracks  depends  on  the  statistical  distribution  of  all  input  variables 
discussed. 
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CHAPTER  Vn 
SUMMARY  AND  CONCLUSIONS 

The  design  of  pavement  systems  against  fatigue  distress  involves  many 
complex  and  interrelated  variables.    In  this  report  the  principles  and  concepts 
of  linear  fracture  mechanics  were  used  to  study  the  fatigue  behavior  of  flexible 
pavements.    The  foregoing  experimental  work,  done  in  a  laboratory  sand- asphalt 
pavement  model,  established  that  fatigue  in  bituminous  paving  material  is  a 
gradual  progressive  process  beginning  with  the  initiation  of  small  cracks  which 
propagate  until  the  remaining  section  of  the  structure  becomes  too  weak  or  fails 
catastrophically.    The  experimental  work  also  indicated  a  strong  correlation 
between  the  rate  of  crack  growth  and  the  stress-intensity  factor,  which  measures 
the  load  transmission  capability  of  the  material  to  the  vicinity  of  the  crack  tips. 
Therefore,  the  rate  of  crack  propagation  can  be  expressed  in  terms  of  the  pro- 
perties of  the  component  layers  of  the  system,  the  geometrical  and  boundary 
conditions. 

The  concept  of  the  stress-intensity  factor,  K,  is  an  important  tool  in  the 
fatigue  analysis  since  it  not  only  measures  the  crack  extension  force,  but  also 
its  critical  value,  K^c,  is  a  material  property  and  the  failure  criterion  for  the 
material.    Expecially  during  the  winter  months,  when  the  pavement  experiences 
very  low  temperatures,  the  critical  value  of  the  stress-intensity  factor  can  by 
itself  explain  rapid  crack  propagation  which  so  often  occurs. 
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The  crack  propagation  law,  dc/dN  -  A  Kn,  which  is  the  basis  of  the  mech- 
anistic approach,  was  shown  to  be  applicable  for  bituminous  paving  mixtures  sub- 
jected to  loads  of  constant  amplitude  and  tested  at  room  temperature.    In  this 
report  it  has  also  been  shown  that  the  approach  is  certainly  applicable  for  tem- 
peratures other  than  77.5°F,  or  in  a  range  from  41°F  to  90°F.    Therefore,  it  can 
be  stated  that  the  method  is  applicable  over  the  entire  range  of  practical  interest 
for  highway  engineers,  0-100°F. 

It  was  also  shown  that  the  process  of  fatigue  crack  propagation  can  be 
explained  in  terms  of  Paris'  law  when  cracking  is  accompanied  by  some  perman- 
ent deformation,  whenever  the  rate  of  loading,  i.e. ,  the  vehicular  speeds,  are 
sufficiently  high  as  to  ensure  the  elastic  response  of  the  pavement  material.    The 
application  of  the  method  for  other  situations  where  the  rate  of  loading  is  small, 
such  as  those  encountered  in  parking  lots  and  near  stop  signs,  cannot  be  done 
without  some  modifications  in  the  analytical  method  to  take  into  account  the  creep 
and  viscoelastic  effects.    An  elastic-plastic  model  developed  at  the  Ohio  State 
University  was  utilized  to  study  the  effect  of  plastic  zones  on  the  problem  of  crack 
propagation.    It  was  pointed  out  that  in  two-dimensional  analysis  such  as  localized 
yielding  might  result  in  crack  growth  retardation. 

The  work  was  conducted  to  study  crack  propagation  in  sand- asphalt  pave- 
ments subjected  to  blocks  of  load  or  variable  amplitude.    The  findings  shown  that 
Paris'  fourth  power  law  of  crack  propagation  is  a  conservative  estimate  of  the  rate 
of  crack  propagation  since  the  introduction  of  loads  of  different  magnitudes  causes  a 
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delay  in  crack  growth  and  the  exponent  n  in  Paris'  relationship  was  found  to  be  less 
than  four.    Then  if  the  fourth  power  is  used  in  the  prediction  of  the  fatigue  life  on 
the  basis  of  a  maximum  equivalent  load,  one  would  arrive  at  a  conservative  esti- 
mate of  the  fatigue  life  for  the  pavement"  system.    Although  no  quantitative  analyt- 
ical solution  is  yet  available  to  this  problem,  the  use  of  Paris'  law  is  justifiable 
on  the  basis  that  most  engineering  structures  are  designed  with  safety  factors. 
Therefore,  the  use  of  the  fourth  power  relationship  is  analagous  to  the  introduction 
of  a  safety  factor. 

The  following  are  the  main  conclusions  applicably  given  by  the  conditions 
expressed  in  this  study: 

1.  The  fatigue  crack  propagation  process  in  bituminous  materials  is 
considered  as  a  stress  independent,  stress  interaction  type  phenomena. 

2.  For  the  range  investigated,  it  was  found  that  the  rest  period  has 
little  or  no  effect  on  the  fatigue  life  of  pavements. 

3.  The  sequence  of  load  application  has  a  significant  effect  on  the  fatigue 
life  of  asphaltic  materials,  causing  a  delay  in  the  rate  of  crack  propagation. 

4.  The  fatigue  life  of  pavement  slabs  subjected  to  loads  of  variable 
amplitude  can  be  predicted  from  tests  on  beams  resting  on  an  elastic  solid. 

5.  Paris'  law  is  applicable  when  the  fatigue  phenomenon  is  accompanied 
by  some  permanent  deformation,  provided  that  the  rate  of  loading  is  sufficiently 
high. 
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6.  The  mechanistic  approach  to  predict  cracking  of  flexible  pavements 
is  applicable  in  the  range  of  temperatures  from  41°  to  90 °F. 

7.  The  critical  stress-intensity  factor,  Kic,  is  the  failure  criterion 
for  low  temperatures. 

8.  The  concepts  of  linear  fracture  mechanics  can  be  used  to  predict  the 
fatigue  life  of  pavements  by  means  of  the  analysis  encompassed  by  the  mechan- 
istic approach.    The  application  of  this  method  to  a  typical  flexible  pavement 
has  also  been  demonstrated  in  this  study. 
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APPENDIX    A 
EXPERIMENTAL  PROCEDURES 
EXPERIMENTATION  ON  SLABS  SUPPORTED 
ON  AN  ELASTIC  FOUNDATION 

A.        Specimen  Preparation 

The  experimental  work  on  circular  slabs  resting  on  an  elastic  foundation 
was  carried  out  in  three  distinct  phases.     First,  tests  on  slabs  subjected  to  fatigue 
loads  of  variable  amplitude  and  frequency  were  done  at  room  temperature  (77.  5°F). 
The  second  set  of  tests,  also  done  at  room  temperature,  consisted  of  testing  the 
asphalt  slabs  under  loads  of  high  intensity,  of  constant  amplitude,  so  as  to  pro- 
duce permanent  deformation  under  the  load,  and  to  check  the  effects  of  rutting 
in  the  process  of  crack  propagation.     Finally,  tests  on  slabs  subjected  to  fatigue 
loads  of  constant  amplitude  were  performed  at  temperatures  of  41°  and  90°  F  to 
study  the  applicability  of  fracture  mechanics  concepts  at  these  temperatures. 

The  preparation  of  the  test  specimens  as  well  as  the  procedures  used  in 
these  experiments  was  the  same  as  and  will  be  described  in  this  section.    Also, 
the  determination  of  some  material  properties  needed  to  perform  the  analysis  of 
the  results  is  presented  in  this  chapter.    In  Figure  A-l  a  view  of  the  test  set  up 
showing  the  sand-asphalt  slab  resting  on  the  elastic  foundation  is  presented. 

The  sand-asphalt  mixtures  used  to  fabricate  the  circular  slabs  was  the  same 
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as  the  one  used  to  prepare  the  beams  (see  Table  A-l)and  also  used  in  previous 
Research  Projects  at  OSU.    The  manufacturing  procedures  used  were  the  same 
as  those  described  in  reference  (14)  (15)  and  basically  consisted  in  pouring 
the  pre-mixed  sand-asphalt  mixture  into  a  circular  steel  mold  which  was  coated 
with  a  film  of  mild  soap  to  prevent  sticking  of  the  asphalt  slab  to  the  mold.    Af- 
ter spading  and  carefully  leveling  the  mix  in  the  mold,  a  reinforced  steel  com- 
paction head  was  placed  over  the  mix  and  the  compaction  was  accomplished  by 
using  a  12  H.P.  mechanical  vibrator.     The  compaction  operation  was  stopped 
whenever  thickness  adjustment  screws,  attached  to  the  rigid  compaction  head, 
made  contact  with  the  rim  of  the  mold. 

The  compacted  slab  weighed  approximately  168  pounds  and  was  44  inches 
in  diameter  and  1  1/2  inches  thick,   corresponding  to  a  density  of  about  128  pcf. 
The  slabs  were  stored  from  one  to  four  weeks  before  being  tested,  and,  after 
the  tests,  cores  of  1  1/2  inches  in  diameter  were  extracted  to  make  density 
measurements  and  control  the  quality  and  uniformity  of  the  manufacturing  pro- 
cess,, 

All  the  handling  and  transportation  of  the  samples  was  done  in  such  a  man- 
ner as  to  prevent  bending  or  damage .    While  being  transported  the  slab  was 
placed  in  between  two  rigid    plates  and  to  place  it  on  the  elastic  foundation  the 
slab  was  enclosed  along  with  the  upper  rigid  plate  by  a  sheet  of  6  mil  plastic  and 
a  vacuum  was  applied  through  the  upper  plate  to  hold  the  slab  weight  when  lifted. 
Then  the  slab  was  run  on  rails  while  being  held  by  a  vacuum  from  above  and  lowered 
by  gently  lowering  the  rails  onto  the  foundation  for  testing. 
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TABLE  A-l 

Test  Characteristics  of  Sand-Asphalt  Mixtures 

A.    Asphalt  Cement 

Test  60/64 

Specific  Gravity  1.010 

Softening  Point,  Ring  and  Ball  123°F 

Ductility  77°F  150  +  cm 

Penetration,  100  gm. ,  5  sec.,  77°F  63 

200  gm. ,  60  sec.,  39.4°F  23.5 

Flash  Point,  Cleveland  Open  Cup  455°F 
Viscosity,  140°F  =  2970  Poises 
275°F  =  4.68  Poises 


B.    Aggregate 

Sieve  Number 

% 

Pas 

sing  (Samples) 

ASTM 

Spi 

3cification  D1663-59T 

16 

100.0 

85-100 

30 

88.0 

70-95 

50 

64.2 

45-75 

100 

30.1 

20-40 

200 

15.7 

9-20 

C.    Mixture 

%  Asphalt  Cement  (by  weight  of  aggregate)       6% 
Average  Density  2.052  +  ( 

Average  Air  Voids  17.0  +  0, 


A-4 


The  majority  of  those  tests  were  performed  with  the  asphalt  slab  unbonded 
from  the  foundation.    For  this  purpose,  the  slab  was  placed  on  a  sheet  of  plastic 
over  the  foundation  to  ensure  a  bondless  surface  between  the  slabs  and  the  founda- 
tion.   For  bonded  slab  experiments,  the  plastic  sheet  was  replaced  with  an  as- 
phaltic  tack  coat. 

The  elastic  foundation  consisted  of  two  four-feet  diameter  layers  bonded 
together  by  a  rubber  cement,  the  upper  layer  being  a  one-inch  thick  slab  of  arm- 
orite  rubber  and  the  lower  layer  being  a  slab  of  commercial  art-gum  rubber  twelve 
inches  thick.    Tests  performed  in  both  layers  separately  showed  a  perfectly  linear 
stress- strain  curve,  ensuring  the  elastic  behavior  of  the  system.    During  the 
course  of  the  experiment  work,  the  bottom  layer  was  damaged  and  a  detailed 
examination  revealed  the  presence  of  several  shrinkage  cracks.    It  is  believed 
that  these  cracks  were  caused  by  some  process  of  aging  in  the  art-gum  rubber 
involving  evaporation  of  the  solvents  used  in  its  manufacturing  process  (see  Figure 
A-2).    At  this  point,  a  new  foundation  was  built  to  replace  the  damaged  bottom 
layer,  and  the  new  foundation  used  the  same  top  layer  of  armorite  rubber  one- 
inch  thick.    The  properties  of  the  new  system  were  again  measured,  and  the 
results  are  shown  in  the  following  sections. 
B.    Testing  Equipment 

An  MTS  Electro-Hydraulic  System  was  used  in  this  investigation  to  apply 
a  repeated  load  to  the  pavement  system.  The  wave  form  consisted  of  a  half  sine 
function  with  a  pulse  duration  of  0. 1  second,  and  was  programmed  by  the  MTS 
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Function  Generator.    All  tests  were  conducted  in  the  load  control  mode  and  had 
in  addition    to  the  dynamic  load,  a  static  load  with  amplitude  equal  to  about 
5%  of  the  total  dynamic  load. 

The  load  was  transfered  to  the  asphalt  slab  from  the  hydraulic  actuator 
through  a  steel  ball  to  a  steel  plate  to  which  a  one  inch  thick  rubber  pad  of  2 
1/2  "  radius  was  cemented.    A  thin  sheet  of  teflon  was  placed  between  the  rub- 
ber pad  and  the  slab  to  minimize  friction  and  the  resulting  shearing  forces. 

The  center  deflection  of  the  slab  was  measured  by  the  MTS  actuator's 
LVDT.     To  obtain  the  actual  value  of  the  deflection,  it  was  necessary  to  deduct 
the  deflection  of  the  rubber  pad  from  the  total  measured  deflection.    A  contin- 
uous recording  of  load  and  deflection  was  made  .using  a  Mark  280  Brush  record- 
er, which  also  served  as  a  monitor  of  the  load  function  being  applied  to  the  slab. 

With  the  exception  made  to  those  tests  done  at  a  temperature  different 
than  room  temperature,  all  other  tests  were  performed  at  77„  5°F.     Care  was 
taken  to  maintain  the  temperature  at  77.  5  -  1°  F  by  by  blowing  hot  or  cold  air 
across  the  pavement  model.    The  temperatures  at  various  points  on  the  slab 
were  measured  by  copper-constantan  thermocouple  wires  and  recorded  on  a 
Barber  Coleman  thermocouple  recorder. 
C.        Determination  of  the  Material  Constants 

The  theoretical  analyses  requires  knowledge  of  the  modulus  of  elasticity, 
E,  and  the  Poisson's  ratio,  ^    ,    of  the  sand-asphalt  slab,  and  the  modulus  of 
subgrade  reaction,  k,  of  the  elastic  foundation,  to  find  the  stresses,  displace- 
ments and  stress-intensity  factor  of  the  cracked  slab. 

The  modulus  of  elasticity  was  determined  from  Figure  A-3  where  the 
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dynamic  modulus,  E*,  determined  from  tests  on  simply-supported  beams  loaded 
at  mid-span,  is  plotted  versus  the  rate  of  loading.    This  plot  shows  that  the 
assumption  of  elastic  response  for  the  pavement  model,  provided  that  the  rate 
of  loading  is  sufficiently  large,  ia  a  reasonable  one.    The  determination  of  Pois- 
on's ratio,  f*  ,  for  sand  asphalt  is  very  difficult  and  it  was  assumed  to  be  0.40, 
an  average  value  of  those  reported  in  previous  research. 

To  determine  the  modulus  of  subgrade  reaction,  k,  of  the  elastic  founda- 
tion, plate  load  tests  using  rigid  plates  of  various  sizes  were  performed  to 
examine  the  variation  of  k  with  the  size  of  the  loaded  area.    The  results  for  the 
subgrade  reaction  as  a  function  of  the  radius  of  the  loaded  area,  a,  are  presented 
in  Figure  A-4,  showing  an  approximate  inverse  proportionality  between  k  and  a. 
This  figure  also  shows  the  difference  between  the  new  and  the  old  foundations 
used  in  this  investigation,  expressed  in  terms  of  k. 

The  value  of  the  subgrade  reaction  modulus  used  in  the  analysis  of  the 
test  results  was  selected  as  that  for  a  plate  size  of  radius  3",  allowing  for  some 
distribution  through  the  1  1/2"  asphalt  slab. 

The  material  constants  used  in  the  experiments  were  then  as  follows: 

Sand-Asphalt  Slab 

Modulus  of  Elasticity,   E=  25,  000  psi  (T=90°F) 

E=  60,000  psi  (T=77.5°F) 
E=  175,  000  psi  (T=41°F) 

Poisson's  Ratio,  =  0.40 

Elastic  Foundation 

K=50  lbs/in3(01d  foundation) 
K=  60  lbs/in3 (New  foundation) 
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APPENDIX    B 
Prismatic  Finite  Element  Program 

OPERATING  MANUAL  t„ 
ANALYSIS  OF  PRISMATIC  SOLIDS  PROGRAM 

The  first  step  is  to  select  a  finite  element  representation  of  the  two- 
dimensional  cross-section  of  the  body.    Elements  and  nodal  points  are  then 
numbered  in  two  numerical  sequences,  each  starting  with  one.    The  following 
group  of  punched  cards  numerically  defines  the  two-dimensional  structure  to 
be  analyzed.    A  reference  list  has  been  included  attaching  the  development  of 
this  procedure. 

1.  START 

The  first  card  has  "START"  in  columns  1-5.    This  indicates  the  beginning 
of  a  new  problem,, 

2.  JOB  TITLE  (  72  H) 

This  card  will  give  the  description  identification  for  the  job. 

3.  CONTROL  INFORMATION  (515,   F  10,  2) 

Information  Columns 

Total  number  of  nodal  points  1-5 

Total  number  of  elements  6-10 

Number  of  different  materials  11-15 

Number  of  pressure  boundary  cards  16-20 

Number  of  harmonics  21-25 

Half  of  the  period  length  26-35 

4.  CRACK  INFORMATION  (4  F  10,  2) 

Information  Columns 


X-ordinate  of  crack  tip  1-10 

Y-ordinate  of  crack  tip  11-20 

Radius  of  crack  tip  21-30 

Total  load  31-40 
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5.    MATERIAL  PROPERTY  INFORMATION 

One  set  of  cards  must  be  provided  for  each  material.    In  each  set: 

a.  First  card  (215)  will  give  the  following  information: 

Information  Columns 

Material  identification  number  1-5 

Number  of  different  Y-  ordinates  6-10 

for  which  properties  are  given  (8  maximum  ) 

b.  Subsequent  cards,  one  for  each  Y-ordinates,  the  number  being 
defined  in  columns  6-10  of  the  first  card,  will  carry  the  following  information 
(3F  10.0) 

Information  Columns 


6. 


Y-ordinate  of  material  for  which 

property  is  given 

1-10 

Young's  Modulus 

11-20 

Poisson's  Ratio 

21-30 

NODAL  POINT   CARDS  (15,   F5.  0,   5F  10.0) 

One  card  for  each  nodal  point  with  the  following  information. 
Information  Columns 


Nodal  point  numbers  1-5 

Type  of  nodal  point  6-10 

X-ordinate  11-20 

Y-ordinate  21-30 

UX  31-40 

UY  41-50 

Loaded  length  in  z-direction  51-60 

If  the  number  in  columns  6-10  is 

0  UX  is  the  specified  X-load 
U"Y  is  the  specified  Y-load 

1  \jX  is  the  specified  X-displacement 
UY  is  the  specified  Y-load 
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2  U  X  is  the  specified  X-load 

U  Y  is  the  specified  Y-displacement 

3  U  X  is  the  specified  X-displacement 
U  Y  is  the  specified  Y-displacement 

All  loads  are  considered  to  be  total  forces  acting  on  the  nodal  point. 
Loaded  length  is  half  the  total  loaded  length  in  the  Z-direction.    Nodal  point 
cards  must  be  in  numerical  sequence.    If  cards  are  omitted,  the  omitted  nodal 
points  are  generated  at  equal  intervals  along  a  straight  line  between  the  defined 
nodal  points.    The  boundary  code  (columns  6-10),  UX,  UY  and  loaded  length,  are 
set  equal  to  zero. 
7.         ELEMENT  CARDS  (615) 

One  card  for  each  element  will  provide  the  following  data. 

Information  Columns 

Number  of  element  1-5 

Nodal  point  I  6-10 

Nodal  point  J  11-15 

Nodal  point  K  16-20 

Nodal  point  L  21-25 

Material  Type  26-30 

Nodal  points  I,  J,  K,  L  are  corners  of  each  individual  element  in  a  counter- 
clockwise order  for  a  right  handed  system  of  coordinates.     For  triangular  elements 
set  nodal  point  L  same  as  nodal  point  K.    The  element  cards  must  be  in  the  num- 
erical sequence.    Any  cards  that  are  omitted  will  be  automatically  generated  in 
the  program  by  incrementing  each  of  the  I,  J,  K  and  L  nodal  points  by  one.    The 
material  type  will  be  taken  same  as  for  the  last  element  defined. 
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8.         PRESSURE  BOUNDARY  CARDS  (215,   2  F  10,   0) 

One  card  for  each  boundary  element  which  is  subjected  to  a  normal 
pressure  will  carry  the  following  information: 

Information  Columns 


Nodal  point  I 
Nodal  point  J 
Normal  pressure  at  I 
Normal  pressure  at  J 


1- 

5 

6- 

10 

11 

-20 

21 

-30 

As  shown  in  the  sketch,  the  boundary  element  must  be  on  the  left  as  one 
progresses  from  I  to  J.    Surface  tensile  force  is  input  as  a  negative  pressure. 

9.  LONGITUDINAL  DISTANCE  (  F  10,  0) 

This  distance  defines  the  cross-sections  in  the  longitudinal  (z)  directions 
where  stresses  and  strains  are  to  be  printed. 

Information  Columns 

ZZ  -  length  1-10 

10.  STOP 

This  card  carries  "STOP"  in  columns  1-4  and  indicates  the  end  of  the  prob- 
lem. 

OUTPUT  INFORMATION 

The  following  information  is  developed  and  printed  at  each  desired  cross- 
section  in  the  Z-direction  by  the  program. 
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1.  Reprint  of  input  data 

2.  Nodal  point  displacements  for  each  harmonic 

3.  Nodal  point  displacements 

4.  Stresses  at  the  center  of  each  element 

5.  Stress  intensitive  factors  K^ ,  K£  at  the  vicinity  of  the  crack 
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READ  AND  PRINT  OF  CONTROL  INFORMATIONS 
AND  MATERIAL  PROPERTIES 


READ  AND  PRINT  NODAL  POINT 
INFORMATIONS 


READ  AND  PRINT  ELEMENT 
INFORMATIONS 


READ  AND  PRINT  BOUNDARY 
PRESSURE  INFORMATIONS 


determine  band  width 


GENERATE  STIFFNESS  MATRIX 
FOR  EACH  ELEMENT 


GENERATE  STIFFNESS  MATRIX 
OF  THE  WHOLE  SYSTEM  FROM  THE 
ELEMENT  STIFFNESS  MATRIX 


a 
O 

a 
> 
o 

a 

a 

> 
a 

o 

i— i 
o 
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GENERATE  THE  LOAD  VECTOR  FROM 

NODAL  POINT  FORCES  AND 
BOUNDARY  PRESSURES  OF  ELEMENTS 


MODIFY  THE  BOUNDARY  CONDITION 


COMPUTE  THE  DISPLACEMENTS  AT  EACH 
NODAL  POINT  BY  SOLVING  THE 
SYSTEM  STIFFNESS  MATRIX  AND  LOAD  VECTOR 


COMPUTE  THE  STRESSES  OF  EACH  ELEMENT 
BY  USING  THE  DISPLACEMENTS  OF  THOSE  NODAL  POINTS 
DEFINE  THIS  ELEMENT  AND  THE 
STRESS-STRAIN  RELATION  OF  THIS  ELEMENT 


COMPUTE  THE  STRESS  AND  DISPLACEMENTS  OF 

ELEMENTS  AND  NODAL  POINTS  AT  ANY 

DESIRED  Z  POSITION  BY  ASSUMING 

THESE  VALUES  VARYING  COSINUSOIDALLY 

OR  SINUSOIDALLY  IN  THE  Z  -  DIRECTION 


OBTAIN  THE  SOLUTION  BY  COMBINING  THE 
RESULTS  FROM  EACH  HARMONIC 


CALCULATE  THE  STRESS  INTENSITY  FACTORS 
KI,  KII,    IF  A  CRACK  EXISTS.  IF  CRACK  DOES  NOT 
EXIST  PUT  THE  RADIUS  OF  CRACK  TIP  DDR=0 
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c 
c 
c 
c 
c> 


«&.  U,  <Ai  -J.   vl>  U,  ,.»,  ,t,  ,.1,  *l,  * 

*»-  *c»  -v  -v  T"  -i-  ">*  n*  11*  i"  - 


5»>  5«-  o-  5»j  o,  ; 


PROGRAMMED    BY    K.MAJIDZADEH    AND    C.W.CHANG,    THE    OHIO    STATE 

ARBITRARY    PRISMATIC    SOLIDS 

USING    CST-4    ELEMENTS    AND    STRESS     IMTENSITIVE    FACTORS    Kl, 

INCLUDED 


UNI. 


*  '»*■  V  *r-  'f-  ''r-  V  *V*  *r  'ic  V  ■***  nf  -r  *r  *p  V  n*  '<*  V  t*  t*  t  *i"  V 


■  f  t>  -r*  v  ' 


K2    ARE 

>'c  i'c  &  °'  sic  ?** ; 


s.1,  *y  J* 

*l»  -v*  *y 


2) , IBC( 
,PI,ZL 
600)  , 


20) 


10 


30 


IMPLICIT    REAL*8(A-H,0-Z), INTEGER*4( I-N) 

COMMON/ SYSTEM/ NUMNP,NUMEL,NUMM AT, NUMHAR ,MUMPC , NHAR , NTC ( 1 
1,JBC(20),PR(20,2),XHAR,HED(18),E(8,3, 1 2 ) , DDX, DDY, DDR , DDP. 

C0MM0N/N0DPNT/X(600) ,Y(600) ,UX ( 600 ) ,UY ( 600 ) ,CODE( 600) ,T( 
1UZ(600) 

C0MM0N/ELEMNT/C(6,6) , S ( 1 5 , 15 ) , ST ( 6 , 15 ) , XX ( 6 ) , YY ( 6 ) , EE ( 2 ) ,XC, YC,VOL 
1,SIG( 560, 6 ),IX( 560,5 ),M, MTYPE, LM(4) 

COMMON/ B AN ARG/B( 156),A(156,78) ,MBAND , NUMRLK , J A 

DIMENSION    W0RD(2) 

DATA    WORD/    6HSTART    ,6HST0P       / 

DEFINE    FILF     1 < 300, 1500 ,U , NBK ) 

CALL     ERRSET    (208,256,-1,1) 

READ(5,1000)    W0RD1 

IF(W0RD1.E0.W0RD( 1 ) ) 

IF( W0RD1.E0.W0RD(2)  ) 

GO    TO    10 

REWIND    4 

STOP=0.0 

PI  =  3. 1415927 

READ    AND    PRINT    OF    CONTROL     INFORMATION    AND    MATERIAL    PROPERTIES 


40 


50 


60 


GO    TO 
STOP 


30 


-l-  vV  >■>'  »•<•  -."'   »•-  »'- 
1*  'P  1-  f   V  "V  *f 


.  o,  *k,  *»,  -',  ,»*  *»»  v», 
•  'i»  V  i*  t*  'i-  i*  t* 


»U  -w»,  *»-■  »»*  ..V  .1,  J.  „•.,  »•-  «.*,  ,U  .1,  „l,  J^  O,  *!«  ».t,  o>  .,*-  - 

"f  V  i"  i"  •***  •>•*  'i*  t  't-  'I-  V  -t^  'i-  ~r  *f  'f  t*  "i"  "**  ■ 


READ       (5,1010)     HED,NUMNP,NUMEL,NUMMAT,NUMPC, NUMHAR 

WRITE     (6,2010)     HED,NUMNP,NUMEL,NUMMAT,MUMPC, NUMHAR 

READ(5,1020)     DDX , DDY, DDR , DDP 

WRITE(6,2020)     DDX, DDY , DDR , DDP 

DO    50    M=1,NUMMAT 

READ(5,1030)     MTYPE , MTC ( MTYPE ) 

WRITE     (6,2030)    MTYPE , NTC ( MTYPE ) 

NUMTC=NTC(MTYPF) 

READ    (5,1040)     ( ( E ( I , J , MTYPE ) , J= 1 , 3 ) , I =1 , NUMTC ) 

WRITE     (6,2040)     ( ( E (  I  , J , MTYPE ) , J=l ,3 ) , 1  =  1 , NUMTC ) 

CONTINUE 

READ    AND    PRINT    OF    NODAL    POINT    DATA 

WRITE     (6,2050) 

L  =  0 

X( L  )=0. 

Y(L)=0. 

READ        (5,1060)     N, CODE ( N ) , X ( N ) , Y ( N ) ,UX ( M ) , UY ( N )  ,  T  (  N 

NL=L+1 

ZX=M-L 

DX=( X(N)-X(L ) )/ZX 


,ZL 
,ZL 


5*C  >'c  ;''  *•-  ■**£  -\  ;V  J*  *•*  jt  ; 
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DY=(Y(N)-Y(L) )/ZX 
70    L=L+1 

IF(N-L)     100,90,80 
80    C0DE(L)=0.0 

X(L)=X(L-1)+DX 

Y(L)=Y(L-1)+0Y 

UX(L)=0.0 

UY(L)=0.0 

T(L)=0.0 

GO    TO    70 
90    WRITE     (6,2060)     ( K , CODE ( K ) , X ( K ) , Y( K ) , UX ( K ) , UY ( K ) , T( K ) , K=ML, M ) 

IF(NUMNP-N)     100,110,60 
100    WRITE     (6,2070)    N 

CALL    EXIT 
110    CONTINUE 

CO-  J>  o,  -J*  o,  »i,  o,  o,  o,  o-  **■•  o,  -**  o#  >'-  o,  *■**  "*■*  »1*  ***  -*-  ">V  **»  -**  -V  *-**  »'*  *■'*  *V  *'*  **»  ***  *■'"  »•*  V*  *■'*  ***  "''  J'  *-**  **■  »**  «•**  **■  *M  *•**  »'*  *••»  **e  *•**  *■*■*  *•**■  **•  ■»**  *.,-»  •>*•»  *■'■»  *V  *'■»  O-  O,  »•'  »V  -'r  *■'■'  i**  «■'*  »**  *■'*  *■**  *** 
'p  'i**  T"  *p  *p  -p  f"»*  *r  V  "P  T  -p  *r  n-  n*  *i*  *p  <v  T"  'i*  "P  "i*  *p  -"p  "P  -p  'f  *p  '<-  *p  ***  *p  *p  t*  -v  i*  *p  "p  -p  *P  -p  f  '<,-  *r  t*  i~  n»  *r  *v  -p  -p  'p  *r*  -p  *f  -p  -p  -r  *p  -*p  -p  *p  *p  -v  ■%»  *r  -p  'p  *p  'p 

C  READ    AND    PRINT    OF    ELEMENT    PROPERTIES 

C.**,   ,i„  O,  »',  O,  O,  o,  O,  -V  «V  »«,  O,  J,  O,  O,  O,  O,  O,  O,  O,  O,  O,  O,  O,  O,  0>  O,  O,  A  O,  J*  O*  O,  O*  O,  O,  O,  O,  V-  <J»  -•,  vV  O,  O,  »V  O,  Of  *•'*  *••»  »*"  ***  ***  -'■»  **»  *<*  »<-  »*■*  «'-  »''  "^  •**  »**  "*»  ■**'  »*»  **»  -,-  V*  -*-  "'-  *•» 
*p  "p  *p  1*  i"  ?p  *p  *i"  'i6  'r  •¥■  nf  •**  t>  ^*  'i-*  *i*  T"  *r  'i-  "t"  *r  t*  *r  i*  "V  ">*  *r  *(*  *r*  'i-  -v-  'r  *v*  •v  *(*•  if*  '<*-  nv  i*  f*  *i*  ■¥■  -r-  *»*■  **■■  'r  't-  "V  »»x  «v  •»  "i*  f  'tv  i*  •»*  *f  *p  *r  <v  *r  t*  1*  '**  *r  n*  n*  f  '•»  if* 

WRITE     (6,2080) 

N  =  0 
130    READ    (5,1090)    M ,  ( I  X ( M , I ) , I  =  1 , 5  ) 
140    N=N+1 

IF     (M-M)     170,170,150 
150    IX(N,1)=IX(M-1,1)+1 

IX(N,2 )=IX(N-1,2)+1 

IX(N,3)=IX(N-1,3)+1 

IX(N,4)=IX(M-1,4)+1 

IX(N,5)=IX(M-1,5) 
170    WRITE     (6,2090)    N, ( IX ( M , I ) , I =1 , 5 ) 

IF     (M-M)     180,180,140 
180    IF     (NUMEL-N)     190,190,130 
190    CONTINUE 

CO,  «t«  -fr  •>*  *JU  J*  O*  vi,  sX,  O,  O,  O,  s»*  -''  -''  "'*  -'-  ">'*  "A>  »'-  <^'  -<'  -'-•  -'-  ^'-  •'-  *•-  -'--'-  -'-  -'-  *l*  »•*  ^V  *J^  V'  -•'  *t*  -1'   -'-  -'-  -''  »■'  -V  •''  «■'-  -'-  "'-  V-  •*-  -*'  %''  -.'-  O.  JU  *'-  O.  0>  •'-  vV  *'-  »*-  -'-  •'-  -'-  -•*  -'c  •>*  -**  *•*  •*• 
m  *,».  *,t  ,r  ,,■»  ^^  «y*  ,,»  *,*  *^.  *,»  *f.  j,*  ,,»  *,x  ,,^  *,^  -^  *,v  ,,*  -,»  ,,*.  rf>  ,,5  *,*  *,^  *.,*  *,^  *,*  -(»  ^^  ,p.  ^»  -,t  -,--,-  n-  ',-',-  -i^  -i-  i-  'i-  -v  -i-  '*-   -S*  t*  -V"  t-  f  'i*  'i*  i"  *r*  'f  t-  *r  *tN  'i"1  'c  ^*  *r  'i*  1*  'r-  "r-  '*-  *i»  <v  *t* 

C  READ    AND    PRINT    BOUNDARY    PRESSURE    DATA 

C-Jf  -J,  Oe  O,  .•>  O,  O-  Oo  O-  O-  O*  O,  O-  O-  O*  v«*  0>  O,  O,  O-  Oj.  O,  O,  O,  O,  O,  O-  O-  O,  -I,  O-  0>  vi-  O*  O,  0>  O,  O-  O*  O-.  O*  O-  O,  O,  x»*  O,  Oj.  o>  O*  vt,  O-  v«,  Ow  O-  O*  O-  vt,  o>  O*  O*  O-  O-  s"-  O-  Ol*  o*  o<  o»  OU  Of  o, 
A*  'i*  'ts  Ji»  ***  n*  *i"  i"  "i*  V  "f  *r*  ^r*  •*■  i*  'i*  *i*  'i*  n*  'i"  i*  *>x  'i*  'i-  "V  I5,  ■*!"  "V  V  'i-  t-  'i*  i*  i"  "i-  'i*  T"  *i*  *(*  *>*  *•*  *•*  *i*  *r*  -f  *c*  *i-  v  *i*  -i-  -i-  t  t  •>*  "i-  *<*  t*  T1  'i*-  -c»  •t*  n*  t"  i*  f  i"  "p  *r  -i-  i5  *F 

IF(NUMPC)     200,300,200 
200    WRITE     (6,2100) 

DO    250    L=1,NUMPC 

READ(5,1110)     IRC(L),JBC(L),PR(L,1),PR(L,2) 
250    WRITE(6,2110)     I RC ( L ) , JRC ( L ) , PR ( L , 1 ) , PR ( L , 2 ) 
300    CONTINUE 

CO,  O,  O,  O.  O,  O,  O,  O,  O*  O,  O,  O,  O,  O,  Of  O,  O,  O-  O,  O,  O,  O,  O,  O,  O,  O,  O,  O-  O-  O,  O-  O,  O,  O,  O,  »U  >l,  O,  O,  O,  »t,  o,  O*  O,  O,  O,  O,  O-  -•*  *<*  •*•  »,■■  -J*  -••-  -'"  ^**  -1-  «•*•  •*',  O-  O,  O,  sV  **»  *'-  O,  O,  0'  '■*■'   **-  -»- 
"P  T  *t"  '>'■  *|»  "p  *^*  *p  *p  *P  *i^  'P  *P  "*"  'i*  *t*  'P  'P  'P  *P  *P  "P  *P  tx  'P  'P  1"  "P  1*  Is  *P  'P  -*P  T1  *•*  'P  *P  *P  *P  *P  'P  *P  'P  *P  1x  'P  T*  n*  "»*  'i*  'P  i*  "P  *P  1H  'P  "P  ■^,'  'P  n"  *P  t-  *P  *P  t%  *P  "P  'P  *P  *P  'i* 

C  DETERMINE    RAND    WIDTH 

CO-  .C  *»-  O,  O,  O-  O,  O,  O,  O,  O*  vt,  O,  .',  O,  O,  Of  O,  O,  O,  0>  v',  o-  o,  o>  O-  O,  O-  O,  O,  O,  O,  O,  O,  v',  O,  O,  O,  O-  O,  «l#  o,  o-  o,  ^>*  o,  o,  o,  o,  o,  o,  o,  o,  o*  o,  o,  o,  o>  o-  «■.•-■  ^'»  O*  O. 
'P  *P  'P  *P  *P  -P  'p  'P  *p  *p  'P  *p  *p  'I*  1-   -P  *P  'p  *p  -P  -p  -P  'p  "p  'p  *P  'i^  *»■*  "P  'I-  'p  1"  *P  1^  *p  V  *|"  *P  -t^  -I*  *,«  'f  *|^  ',^  -|»  *,-    '|»  -,»  'i^  -,-  ",-  ',-  ',-   -,>  -,-  *|«  ->»  ',»  3,v  ,p  ,,v  ^v  ,,» 

J  =  0 

DO    340    N=1,NUMEL 

DO    340    1=1,4 

DO    325    L=l,4 

KK=IABS( IX(M, I )-IX(N,L) ) 

IF(26-KK)     310,315,315 


.1,  ^i,  ^,  ^.  o. 
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310  WRITE  (6,2120)  N 

ST0P=1.0 
315  IF  (KK-J)  325,325,320 
320  J=KK 
325  CONTINUE 
340  CONTINUE 

MBAND=3*J+3 

r  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *********** 

C      DETERMINE  DISPLACEMENTS  AND  STRESSES  FOR  EACH  HARMONIC 

£*********************************************************************** 

IF  (STOP)  350,345,350 
350  CALL  EXIT 
345  NUMUK=3*NUMNP 

DO  500  NHAR=1,NUMHAR 

XHAR=NHAR-1 
C 

C      FORM  STIFFNESS  MATRIX 
C 

CALL  STIFF 
C 

C      SOLVE  FOR  HARMONIC  DISPLACEMENTS 
C 

CALL  BANSOL 
C 

WRITE  (4)  (B(N),N=1,NUMUK) 

WRITE  (6,2130)  ( N, B ( 3*N-2 ) , B ( 3*N-1 ) , B ( 3*N ) , N=l , MUMNP ) 
C 

CALL  STRESS 
C 

500  CONTINUE 

£*******  *************************************  *************************** 

CALL  OUTPUT 

Q******** ***************************************************** ********** 

GO  TO  10 
1000  F0RMAT(A6) 

1010  FORMAT  ( 18A4/5I5,1F10.2) 
1020  F0RMAT(4F10.2) 
1030  FORMAT  (215) 
1040  FORMAT  (3F10.0) 

1060  FORMAT  (  I  5 , F5. 0,4F10 .5 , F10.5 ) 
1090  FORMAT  (615) 
1110  F0RMAT(2I5,2F10.3) 
2010  FORMAT  (1H1  18A4/ 

1  30H0  NUMBER  OF  NODAL  POINTS 14  / 

2  30H0  NUMBER  OF  ELEMENTS 14  / 

3  30H0  NUMBER  OF  DIFF.  MATERIALS 13  / 

4  30H0  NUMBER  OF  PRESSURE  CARDS 13  / 

5  30H0  NUMBER  OF  HARMONICS 13  / 

6  30H0  Z-LENGTH F10.3) 
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2020  FORMATl//'  CRACK  TIP  X  =  »,F10.5/ 

1  •  CRACK  TIP  Y  =  »,F10.5/ 

2  »  RADIUS  OF  THE  CRACK  TIP  =  »,F10.5/ 

3  •  CONCENTRATED  LOAD        =  »,F10.5/) 

2030  FORMAT  ( 17H0MATER I AL  NUMBER=  13,  20H»  NUMBER  OF  Y  CARDS=   13) 
2040  FORMAT  {  14X  1HY  14X  1HE  13X  2HNU  /  ( F15.3, El  5.7 , Fl 5. 3 ) ) 
2050  FORMAT   (48H1N0DAL  POINT         TYPE   X-ORDINATE   Y-ORDINATE 

118X  6HX-L0AD  18X  6HY-L0AD  2X  12HL0AD  LENGTH  ) 
2060  FORMAT  ( 1 12, Fl 2. 2t 2F12.4,2E24.7 , Fl 2.5 ) 
2070  FORMAT  (26H0N0DAL  POINT  CARD  ERROR  N=  15) 

2080  FORMAT  (49H1ELNMENT  NO.       I      J      K      L     MATERIAL   ) 
2090  FORMAT  (1113,416,1112) 
2100  FORMAT( 29H0PRESSURE  BOUNDARY  COMD IT I0NS/40H      I      J     PRESSUR 

IE  I      PRESSURE  J) 
2110  F0RMAT(2I6,2F14.3) 

2120  FORMAT  (30H0N.P.  DIFF.  TOO  LARGE  EL.NO.=  14) 
2130  FORMAT  (12H1N.P.  NUMBER  18X  2HUX  18X  2HUY  18X  2HUZ  / ( 1 1 12 , 3E20. 7 )  ) 

END 
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SUBROUTINE    STIFF 
C 

IMPLICIT    REAL*8(A-H,0-Z), INTEGERS ( I -N) 

COMMON/ SYSTEM/NUMNP,NUMEL,NUMM AT, NUMHAR,NUMPC,NHAR,NTC( 12) , IBC(20) 
1,JBC(20),PR(20,2),XHAR,HED( 18 ) , E ( 8, 3, 1 2 ) , DDX, DOY, DDR , DOP, P I , ZL 

COMM0N/NODPNT/X(60O) ,Y(600) ,UX ( 600 ) ,UY ( 600 ) ,CODE( 600) ,T(600) , 
1UZ(600) 

C0MM0N/ELEMNT/C(6,6) , S ( 15 , 1 5 ) , ST ( 6 , 15 ) , XX (6 ) , YY ( 6 ) , EE ( 2 ) ,XC,YC,VOL 
1,SIG(5  60,6),IX(5  60,5) , M , MTYPE ,LM ( 4) 

C0MM0N/BANARG/B(156) ,A( 156,7  8) ,MBAND,NUMBLK , J A 
C 

£*  *  *  *  ***  *  *  *  *  *  **  *  ********  *  * *  £  ***  *  *******  *  *  **  **  ***  *  ****  *  ****************** 

C  INITIALIZATION 

C.A.  O*  *!#■  *.*-  ,•,«.',»  -J,  J,  ^i-   Ov   .'.  ^  .',  *.».*  xV.  O*  -Ar  O*  «A»  »,*>  O*  -A,  <JL>  •.'.»  -I*  J*  x»*  *U  «'■•  »J*  -A*  «.'*  O/  »»..  J>  .J*  *f*  %t-  %•*  »A,  U*  J,  >J,  «K»  %»#  „•,.  J*  «,•„  ,.<-  "'*  J"  *■**  -A-  *.**  V'  •.'-  *i*-  >'■»  *A»  •*>  t*»  «i*-  J*  O*.  Or-  >!*.*.•*  «A*  -A*  -A.  -a. 
•v-  *t*  i*  or*  -v  o*  n-  *r  *r  t  t"'**  v  f  *r  i»  *r  *»*  t  •*!!**  ""K**  ■"•T*  **/*■  ***  *¥**  **(**  ***•  *V  'P  *"P  *t*  *v  "»-  »T>  *»"•  *■**•  ^*  *i-  i-  **•»  t*  i-  **•"  V  i"  T*  •*»  *V  *>>  "r*  t>  rr  ir*  V  V  o-  -V"  V  V  Jr  3r  or  n*  "i*  nr-  or  or  or  or  or  or 

NB  =  26 
ND=3*NB 
ND2=2*ND 
STOP=0.0 
NUMBLK=0 
NBK  =  1 

JA=ND2*(MBAND+1 )/1500+l 
DO    50    N=1,ND2 
B(N)=0.0 
DO    50    M=ltND 
50    A(N,M)=0.0 

Q *  *  *  *  ******  *  *  *  *  *  *  *  *  *  *  *  * *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  *  ************ 

C  FORM    STIFFNESS    MATRIX     IN    BLOCKS 

f   Jw  Oj  v»*  0>  ;"^  -A,  A  vl<  j"j   Jj  jO  A  »*£  Oj  O-  j*j  O*   j»*  Oj  jl-  Oj  *•*  jjj  >">  O-  j'-  »•;  «.';  O;  *»j  jV   jjj  Oj  .A,  ;»c  s>-  »V   ;V  JjJ*  %•;  *<-■  j';  ;•;  *»*  sU  j'j  j«j  >"j  Oj  j"*  j>j  jU  j'j  **,  j'*  O;  O*  ;•;  s»;  Oj  -.",  v'j  j'j  ,.0  j»-   J;  jlj  vU  jb  ««*  *^ 

60    NUMBLK=NUMBLK+1 

NH=NB*(NUMBLK+1) 

NM=NH-NB 

NL=NM-NB+1 

KSHIFT=3*NL-3 

DO    210    N=1,NUMEL 

IF     (IX(N,5))     210,210,65 
65    DO    80    1=1,4 

IF  (IX(N,I)-NL)  80,70,70 
70  IF  (IX(N,I)-NM)  90,90,80 
80    CONTINUE 

GO    TO    210 
90    CALL    OUAD 

IX(N,5)=-IX(N,5) 

IF(VOL)     100,100,110 
100    WRITE(6,2000)    M 

ST0P=1.0 

Ch»-  ^•*■  -,«-  »»*  *f*  -j*  »■*  *v  ^v  %>-  «.•'  -1'  «.*'  »*'  »'*  ••*»  -''■  *.'-  ^,■'  •■v  «••*  vt.  »v  »'^  *i*  j^  >•-  -j*  v*  '"',-  »'"  •j**  -,'  *-'*  v'"  •*''  **'*  ^'*  i!;  -J'  i'"  -V  sV  *•''  "''  >V  5*£  afe  i^  it  i*c  i*;  *■**  i!;  A  ^£  r/i  :'c  i!c  ifc  :':  ^:  s'c  3*i  3*£  i'c  i'c  s'c  jIc  i'c  5lc 
^,^  J,»  J,«-  >,«.  ?,».  y,*  3,»  »^%  ^,».  »,■«  *[■•  *^-.  >(-.  «^h  -,■•  ^,«.  *|«.  ^«.  ^f.  *,^  ^^  ^p.  *■]*.  *■,-*  ^»  ^(--  *,-%■  >,>  ^>  ',«  ^(-»  ^|»  *|^  *,»  'I-*  ',•»  jy*  *,^  T--  »,-.  <>(*  -^  ',*•  ',•■  'p  *,^  ',*  *p  T-  -^*"  -)»  'i*  *p  l*1  '(•>  *i*-  *v»  *(P"  i1*  l*1  •*!*  ■*»*  *p  n*  '(*•  'i*  *i*>  V*  *P  'i*  ^ 

C  ADD    ELEMENT    STIFFNESS    TO    TOTAL    STIFNESS 

C%t*  *t^  x  ,*,  v«>  »t^  s»-  -u  ,,«,  «.«*  *»-  «u  «u  -i-  -J'  •>*-  v*  >'•'  i'*  >''  ■»'*  *••*  *•*'  ■-,*  -*'  »''  »''  •*•  -^  *V  -'"  «*•  »''  -**  \'"  *•'-*  ■»''  *•'*  -•''  i'*  »'■*  -iV  --V  -'*  ■"•,*  -*■'  i**  x'*  ■*•  "'"  "■•'  A  -'-  **•  *'*  ■■'*  "'■'  *■'"  -'*  ;'c  5*r  ;'c  ;'"  ;';  ;'i  ^'?  ^*c  5!;  ?;';  i!c  ;'c 
^,s  ^,^  -,»  ^,^.  *,*  ^,->  ^,*  ^P  3,^  *,»  ^,-*  ^,-.  -,%  ,,,  ^,n  3^.  S,%  3^.  9f,   3,^  ^»  -■,*  -,»  ^,»  (-,5  .-,■.  ^<i  rf,  ^,%  ^C  -^  ^p  Jp  -r  S,*  n^  ^^  *,-  ^,^  >,»  ^,^  3,t  *,C  ,r  -,»  ,p  Jp  „p  ,p  ,p  *p  J,^  ^>  ^p  *p  ^p  -p  -p  -p  *p  *p  *-p  *p  -p  'p  *p  ^v  *p  ^p  -p  -y. 

HO    MM  =  4 

IF( IX(N,3)-IX(N,4) )     130,120,130 
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120 
130 
140 


175 
180 


195 
200 
210 


MM  =  3 

DO    140    1=1, MM 

LM(  I)  =  3*IX(N* I)-3 

DO    200    1  =  1, MM 

DO    200    K=l,3 

II  =  LM(  D+K-KSHIFT 

KK=3*I-3+K 

DO    200    J=1,MM 

DO    200    L=l,3 

JJ=LM( J)+L-II+1-KSHIFT 

LL=3*J-3+L 

IF(JJ)     200,200,175 

IF(ND-JJ)     180,195,195 

WRITE    (6,2001)    N 

ST0P=1.0 

GO    TO    210 

A(II,JJ)=A(II,JJ)+S(KK,LL) 

CONTINUE 

CONTINUE 

IF(STOP)     215,220,215 


215    CALL    EXIT 


.  O,  *JU  .v  ,'- 


J-  »"-  -I-  >l-  -•-  ,1-  .A.  htj.  .A.  vU  -'- 


.  -i-  -•-  ,»-  -V 
-  *i-  ^  V  T 


ADD    EXTERNAL    FORCES    WITHIN    BLOCK 


■  V  V  t  'r  V  V  V  V  V  *p  *»»  * 


-•-  .'-  ju  «j-  -»-  -JU  «a»  «t. 


-i'  *i*  ^1"  V  -•'  'i-  *?*  *  'Is  'i'  V  *  *  V  V  ;ic  ^  V  1*  f 

>;c  sjs  5jc  ;!c  #  &  3j:  # 

■,■*■  O*  ^^f  *•<  O*   t\r   vl»  O*-  «A«   Jy  >J»  -.U   «.•.»  «'>-  O*  v**  *J*  »■-  *'»   0> 

.">  v«-  >'-  »V  ■*>  «>*•  *■'*  JC 
.,-  ,r  *(>  ,,c  ,■,»  -r  »,>  -y. 

220 
225 


230 
235 

240 
245 
250 

260 
270 

2  80 


IF     (NUMPC)     225,270,225 
DO    260    L=l, NUMPC 
I=IBC(L) 
J=JBC(L) 
DX=Y( I )-Y( J) 
DY=X( J)-X( I) 

PP2  =  (PR(L,2)  +  PR(L,1)  )/6. 
PPl=PP2+PR(L,l)/6. 
PP2=PP2+PR(L,2)/6. 
II=3*I-KSHIFT 
JJ=3*J-KSHIFT 
I F  (  IT)     240,240,230 
IF(  II-ND)     235,235,240 
B( II-1)=B( II-1)+PP1*DX 
B(  II )  =  B< II)+PP1*DY 
IF(JJ)     260,260,245 
IF(JJ-ND)     250,250,260 
B( JJ-1)=B( JJ-1)+PP2*DX 
B(  JJ)  =  B( JJ)+PP2*DY 
CONTINUE 
DO    300    N=NL,NM 
IF     (M-NUMNP)     280,280,310 
K=3*N-KSHIFT-1 

IF    (XHAR.EO.0.0)    TM=T(M)/2.0 
IF     (T(N).EO.O.O)    TM=1.0/NUMHAR 
IF     (T(M)*XHAR.ME.0.0)     TM=ZL*DSIN(XHAR*PI*T(N)/ZL)/( XHAR*PI) 
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290    B(K)  =  (B(K)+UY(N)  )*TM 

300    B(K-1)=(B(K-1)+UX(N))*TM 

£****************  *************************  ********************  ********** 

C  BOUNDARY    CONDITIONS 

C-*.-  .A.  J-  v-  -A-  o>-  -J,  -J*  vv  -.«,  v'-  ~«-  ~v  v-  -A-  i  J-  ~V  >"'  ->••  -'-  V-  ^V  3*-  *A-  3V  V-  -"*  *■'-  «■*»  -'-  ^-  ^'-  - '  -''  *V  3*-  **r  *'■»  V-  °'  "'*  >'--.'-  ^''  -V  ^'-  ^-  -■'  -t->"'  ~-''  V'  ^^  ^'  ^^  ^*'  -'-  -'--'-  V'  -'-  "V  s»*  s*-  O*  U*  «.y  ^  -*»  ^** 
T  ^  V  V  T  T  T   V  T  ^  T  T  ^  V  ^  T  1k  T  T  T  ^  V  V  ;r  ¥  'P   V  T  'l*   V   V  n*  r  *!'   f  •V'   *T-  "I1  f  ^  *V   V  ^t-  1"   n"1   "Is   *V*   -V  f  '!">  *(*  ^  3I"   *P   V  ■*!»  *|-   'C  *p   *f  "V   *T  T*  V   "I"  T*   T»  IT  T*  IT  V 

310    DO    400    M=NL,NH 

IF     (M-NUMNP)    315,315,400 

315  U=UX(M) 
N=3*M-1-KSHIFT-1 

IF    (C0DE(M))    390,400,316 

316  IF    (CODE(M)-l.)    317,370,317 

317  IF    (C0DE(M)-2.)    318,390,318 

318  IF     (C0DE(M)-3.)    390,380,390 
370    CALL    M0DIFY( A, B ,ND2, MBAND ,N ,U ) 

GO    TO    400 
380    CALL    M0DIFY( A, B ,ND2 , MBAMD ,N ,U  ) 
390    U=UY(M) 

N  =  N+1 

CALL    M0DIFY(A,B,ND2, MBAND, N,U) 
400    CONTINUE 
r********** ******************************** ******* 

C  WRITE    BLOCK    OF    EQUATIONS    ON    FILE    AMD    SHIFT 

/"■  0>  *JU  -J*  J*  *V  >'*  3*"  »S*  3**  4f  V;  *Jf  3'*  *•*-'  *Jc  3*"*  *•'■'  ife  .if  ilc  ***  *'"  «C  S&  *'*  ""C  SSa  *"*  *■*■'  *"*'  *■*"*  it  ""'■*  ""*£  **°*  v'"  *'*  *!c  5'*  N*''  *^i  sSe  **t  **"  **"*  *'c  vl—  ***  *'''*  * 

WRITE(l'NBK) (B(N) , ( A ( N , M  )  , M  =  l , MBAND  )  , N  =  l , ND  ) 
NBK=NBK+JA 
DO    420    N=1,ND 
K=N+ND 
B(N)=B(K) 
B(K)=0.0 
DO    420    M=1,ND 
A(N,M)=A(K,M) 
420    A(K,M)=0.0 

CO-  -JU  -X-  U-  <JU  V-  J-  -JL.  -J>  O^  «.t.  *v  *f*  **-  -JW  if*  **r  »**  -J-  *V  ***  3**  *'■-  ***  •**  V*  **"■  **-  ^^  »V  ***  •*'*  -V  V'  -^  *»*  J'^*  *  'V  J-  J*  vb  o>  J*  J,  ,1,  st  ^  »l,  J,  ^  ^  Jf  A  »•,  A  J.  J,  «V  ^  JL.  ,v  O-  O*  *.U  3^.  si*  *»c  o* 
i"  i-'r-r'fT'T  1-  -v  n*  '•-  *o  *t*  1-  -»*  ir*  -v  *y»  t-  ■•p-  -v*  *r  "i1*  t>  in  '1-  if  -r-  1*  *i*  *m  '4-  *r  <t*  nr  i*-  -v  f  n*  *v-  *r-  *r-  't-  -r  *r  'r  nr*  V  "i*  15  *f  *•»  -^  Ji-  *i»  t  'i-  "f  1*  t*  -»^  -V  *i"  *»*■  *•*  "i~  t*  t*  t-  i*-  *r» 

C  CHECK    FOR    LAST    BLOCK 

Q *****************************************************************  * *  *  *  * * 

IF    (NM-NUMMP)     60,480,480 
480    CONTINUE 
500    RETURN 

2000  FORMAT     ( 26H0NEGATI VE    AREA    ELEMENT    NO.     14) 

2001  FORMAT    ( 29H0BAND    WIDTH    EXCEEDS    ALLOWABLE     14) 
END 


*  *  * 

vO    ;'-    v',    v<;    ,'.    ;' 

.  ^»-  -J-  -j,  -^i*  *•-  *•>. 

k  ^  ^  3,^  -,»  -,%  ^,^ 

^t,  n**  J;  *•* 

*l"   t*  ^*   T" 

»v  *•*  ^»^ 

# 

UP 

LOWER 

BLOCK 

T-  1*  *V 

"l'  '1"  V  T   f  T" 
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SUBROUTINE    QUAD 
C 

IMPLICIT    REAL*8( A-H,0-Z)  t INTEGER** (  I-N) 

COMMON /SYSTEM/NUMNP,NUMEL,NUMM AT, NUMHAR ,NUMPC , NHAR , NTC ( 12) , IBC( 20) 
1, JBC( 20) , PR (20, 2) ,XHAR,HED(18) , E ( 8 , 3, 1 2 ) , DDX , DDY, DDR , DDP, PI , ZL 

COMMON/NODPNT/X(6  00),Y(600) ,UX ( 600 ) , UY( 600 ) , CODE (600) ,T(600), 
1UZ(600) 

C0MM0N/ELEMNT/C(6,6),S(15,15),ST(6,15),XX(6),YY(6),EE(2),XC,YC,V0L 
1,SIG(560,6),IX(560,5) ,N ,MTYPE , LM (4 ) 

C0MM0N/BAMARG/B(156) t A ( 1 56, 7  8 ) , MB AND , NUMBLK, JA 

DIMENSION    U(3)  ,V(3) 

I=IX(N,1) 

J=IX(N,2) 

K=IX(N,3) 

L=IX(N,4) 

MTYPE=IX(N,5) 

VOL=0. 

XHAR2=XHAR**2 

PI2=PI**2 

ZL2=ZL**2 
100    DO    105    KK=1,2 
105    EE(KK)=E(1,KK+1,MTYPE) 

p  -j*  o*  -a,  ji-  -j,  a»  ju  «ju  u»  *•-  o^  O;  ■}*  o-  5j;  -j,  ■&  »'c  »4j  j'c  >';  °<  ;''  ■**  *°  ?i.  ^  J'  ^  -V  "'*  ■**  ;'<  5**  -1;  5^  j'<  v*s  5*c  *Ac  *■'; **'*  &  j't  *'<  5*t  i!c  i'i  ***  *  s**  *  :'c  ;';  *u  **•  **"  "*'  51*  "'*  5*1  &  ^'  -'<  **£  >"?  s':  z'z  ;'<  -':  ^c 

C  FORM    STRESS    STRAIN    RELATION    OF    ELEMENT 

C,'-  o-  -JU  >'-  v-  -*-  -''  -''  -V  -'-  J-  »**  ***  *<*  ">"-  ■*■  >*-  "'*  «■*'  *•*  -''  «**  **»  -A»  ***■  -'»  »'*  ■**  "V  »V  •**■  **•  -V  *■''  -*'  ***  -•'  ■**  ■*'*  ">•*  *'»  -•*  »**  »«-  *»*■  -J1*  •*■  ■*'■*  «A»  ■>**  »**  -*•«  »*■*  -,'  "J*  V-  •*«  -V  *V  *V  «A»  -J-*  »'■'  *■*-  ■«■*'  <A»  •*>  -*V  «*•  ■>*»  »V 
T  T*  *v*  V  *t-  n"  -v  *i»  -r  in  T"  *v  *r  *v  or  *r-  if  ir  -v  -r  if.  *r*  ***  *v  if  *i*  «v  *r  *f  ifc  if  t*  if  -»****  *i~  ir  t*  ir  Ji-  if  *v*  *i-  *i«  -f  if  **"  'f  "V*  If  *P  if  *c  '*"  •»*  ^i-  1f  *r  •»*  *r  if  'i*  if  i*  i"  n*  if  ■¥■  if  *>-  "r 

C0MM=EE(1)*(1.0-EE(2)  )/(  ( 1.0+EE(2) )* ( 1. 0-2. 0*EE ( 2  )  )  ) 

C( 1,1)=C0MM 

C(l,2)=COMM*FE(2)/(1.0-EE(2) ) 

C( 1,3)=0. 

C(1,4)=C(1,2) 

C(  1,5)=0.0 

C(l,6)=0.0 

C(2,1)=C(1,2) 

C(2t2)=C(l,l) 

C(2,3)=0. 

C(2,4)=C(1,2) 

C(2,5)=0.0 

C(2,6)=0.0 

C(3, 1)=0. 

C(3,2)=0. 

C(3,3)=COMM*(1.0-2.0*EE(2) )/(2.0*(  1.0-EE(2)  ) ) 

C(3,4)=0.0 

C(3,5)=0.0 

C(3,6)=0.0 

C(4,1)=C( 1,4) 

C(4,2)=C(2,4) 

C(4,3)=C(3,4) 

C(4,4)=C( 1, 1) 

C(4,5)=0.0 

C(4,6)=0.0 
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C(5, 1 )=C( 1,5) 

C(5,2)=C(2,5) 

C(5,3)=C(3,5) 

C(5,4)=C(4,5) 

C(5,5)=C(3,3) 

C(5,6)=0.0 

C(6,1)=C( 1,6) 

C(6,2)=C(2,6) 

C(6,3)=C(3,6) 

C(6,4)=C(4,6) 

C(6,5)=C(5,6) 

C(6,6)=C(3,3) 

C: 

>fi  *  *  SjC  *  *  £  *  *  *  !{C  *  5*  *  *  *  *  *  *  *  *  *  *  *  *  *  *  * 

*#.* 

c 

INITIALIZATION 

c= 

DO    130    J=l,15 
DO    120    1=1,6 

120    ST(  I,  J  )=0. 

DO    130    1=1,15 

130    S( I,J)=0. 

>Ji  >js  ^«  ^c  ;|<  ;Jc  ;^  :Jc  ^c  #  # 

V  V  *P  V  v  ^,C  5,C  V  >,£  5,*  ;,c 


*  *  £  *  # 


#  #  #  *;  * ; 

st,  ^t,  .A.  ..I,  sW.  , 

V  •>!*•  1*  T*  "Y*  » 


,  «Jb  «.*u  .A. 

-  T-  '1*  *^ 


^c  sjc  sjc  ^c  3|c 

a«  „t,  *j,  o*  ou 

J,*  ,,»  ,f.  ,r  *,.. 


^  *  #  *  # 

-A*  J-  ,1,  **,  0, 

T*   V  Jt"   *V*  -|- 


■A.  .A.  .A,  «V 

T  '11*  1-  T" 


140 
145 


150 


/-    *fc>  N»-   vt„  .A. 
^  T"  1*  T  1- 

c 

c**** 

160 


DO    140    1=1,4 

NPP=IX(N,I ) 

XX( I )=X(NPP) 

YY(  I)  =  Y(NPP) 

IF( IX(N,3)-IX(N,4) )     145,15 

XC=(XX(1 )+XX(2)+XX(3)+XX{4 

YC=( YY( 1)+YY(2)+YY(3)+YY(4 

XX(5)=XC 

YY( 5)=YC 

K  =  5 

J  =  l 

1  =  4 

LM( 3)=13 

NT=4 

GO    TO    160 

NT=1 

LM( 3)=7 

1  =  1 

K  =  3 

J  =  2 

FORM    STIFFNESS    OF    ELEMENT 


0, 
)  ) 

)  ) 


14' 
/4. 
/4 


y,c  >£  5,'c  sp 


■  o.  -j,  .»,,  ,'- 


O.  -A-  <J*  -A,  -A, 
V  «v  -v  ->-  -r> 

.A.  -I.  >■-  -A»  -'- 

T-  T-  'i*  *r  *r 


;Jc  #  #  ijc  jj;  ^c  ;Jc  3[s  jjc  ^ 


•ju  >•<.  a*  -A.  -a.  -a. 


vV  a,  «v  a*  0* 


.A.  A,  -A, 

-V  1*  ^> 


DO    200    NN=1,NT 
LM( 1) =3*1-2 
LM( 2)=3*J-2 
U( 1)=YY( J)-YY(K) 
U(2)=YY(K)-YY(I ) 
U(3)=YY( I )-YY( J) 
V( 1 )  =  XX(K)-XX(J  ) 
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V(2)=XX( I)-XX 

V(3)=XX( J)-XX 

AREA=(XX( J)*U 

VOL=VOL+AREA 

AREA2=AREA**2 

C0MM=.25/AREA 

XNT=NT 

C0M=2./XNT 

COM=COM*COMM 

C0Mll=ZL/(8.0 

C0M12=XHAR*PI 

DO    180    L=l,3 

II=LM(L) 

ST( 1,11 )=ST(1 

ST(2, II+1)=ST 

ST(3t II )=ST(3 

ST(3, II+1)=ST 

ST(4,II+2)=ST 

ST(5t II+1)=ST 

ST(5,II+2)=ST 

ST(6, II)=ST(6 

ST(6,II+2)=ST 

DO    180    M=l,3 

JJ=LM(M) 

MULT=1.0 

IF(L.EO.M)     MU 

S(  II,JJ)=S( II 

lI2*C('5t5)*MUL 
S( II, JJ+1)=S( 
S(  II,JJ+2)=S( 

l,5)/( 3.0*ZL)  ) 
S(  II  +  lt JJ  +  1  )  = 

1*XHAR2*PI2*C( 
S(  II+l,JJ+2)= 

l*C(5,5)/(3,0* 
S( II+2, JJ+2)= 

1(L)*C(5,5)*U< 
S( JJ+lt II )=S( 
S( JJ+2,II )=S( 
S( JJ+2»II+1 )= 
180    CONTINUE 
I  =  J 
J  =  J+1 
200    CONTINUE 

,  ■>,  *l*  .*,  o,  „r,  ^x,    i,  a,  o,  .,„  i,  .i,  ^.   ,(,  „t,  j.  j, 
*  -r  *iv  -i*"  *(*■  *p  T"  n*-  n-  T-  *<*  *r*  T"  T  "V  *¥»  *»*  *v 

CONDENSATION 


(K) 
(I  ) 
(2)+XX( I )*U(1)+XX(K)*U(3) )/2. 


«<AREA) 
/12.0 


,11  )+U(L)*C0M 

(2,II+1)+V(L)*C0M 

,11  )+V(L)*C0M 

(3,II+1)+U(L)*C0M 

(4, II+2)+2.0*AREA*XHAR*P 

( 5,II+1)-AREA*XHAR*PI*C0 

(5,II+2)+V(L )*C0M*(1.0+( 

,  II )-AREA*XHAR*PI*COM*(  1 

(6, II+2)+U(L )*C0M*( 1.0+ ( 


I*C0M/(3.0*ZU 

M*< 1.0+(-1.0)**NHAR)/(3.0*ZL) 
-1.0)**NHAR)/2.0 
. 0+(-1.0)**NHAR)/( 3.0*ZL) 
-1.0)**NHAR)/2.0 


Q  ^  %  #  #  #  £  £  i'fi  #  sfc £  £ 


LT=2.0 

,  J  J  )  +  <  U  (  L  )  *C  ( l.»  1 )  *U  ( M  )  +V 

T/(3.0*ZL2) )*C0M11 
II,JJ+1)+(U(L )*C( 1,2)*V( 
II,JJ+2)+U(L  )*C(  l',4)*C0M 
*C0M11 

S(  II+1,JJ+1)+(V(L)*C(  1,  1 

5,5)*MULT/(3.0*ZL2) )*C0M 

S(  II  +  l, JJ  +  2)+V(L )*C(  1,4) 

ZL)  )*C0M11 

S(  I  I +2, JJ  +  2)+( AREA2*XHAR 

M)+V(L)*C(5,5 )*V(M) )*C0M 

II, JJ+1) 

II.tJJ  +  2) 

S( II+l, JJ+2) 


.  .<-  *v  O-  «A>  «t*  „u  J*  «A»  a*  -',  j,  ,i,  »i,  o,  o-  -"-  U.  J,  .ju  ,V-  j,  .■„  ju  «V>  *-'e  ■**-  >•**■  ~''  -'-  ***  «•••*  •  V  •**»  -*-  -1-  -V  •*•  -'-  -1*  ~"*  -''  -V  *** 
•  "i*  -i-  'i*  *r>  iv  'f  "i*  "i*  *r*  '»*  vi*vt  'i*  'i*  *»*  ***  f  *r*  T1  I-  -r  *r  *r  i*  ***  V  ***  '<-  *v  "r  t*  i"  *c  *(*  *v  *i"  *r-  *v  -r-  *r  'is 

-  x*-.  ■*»-.  v*,  a.  v>,  v**  -j-  *v  *•'.*  »•*  JU  **-•  vt  *<-  %v  -u  o*  o*  ~y  ■*•*  ■*■-  ■»'■*  ■*■  **•  -1-  *>'  ■«''*  ■*•  *V  ^*  >'-  31-  "^*  ■**  "'■*  ^  ^  °'  •*•  "*'  *ii 


( L)*C( 3f3)*V(M)+AREA2*XHAR2*P 

M ) +V ( L ) *C ( 3t  3 )*U( M ) ) *C0M11 
12-( 2.0*AREA*XHAR*PI*U(M)*C( 5 

)*V ( M) +U ( L ) *C ( 3 , 3 ) *U( M ) +AREA2 

11 

*C0M12-( 2.0*AREA*XHAR*PI*V(M) 

2*P  I  2*C ( 4, 4 ) *MUL T / ( 3 . 0*ZL 2 ) +U 
11 


->•-  *.%*  ».•*  v^  o.  *»*  >v 

V>  •¥•  1"  1*  -("»  1*  "r" 

•nr  i^  *<*  *f  *p  ■*>" 


I  F  (  I  X  (  N ,  3  )  -  I  X  (  N  ,  4  )  ) 
220    DO    240    1=1,3 
KK=15-I 


220,250,220 
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DO  240  K=1»KK 

CC=S(KK+l,K)/S(KK+ltKK+l) 

DO  230  J=l,6 
230  ST( J,K)=ST( J»K)-CC*ST( J,KK+1) 

DO  240  J=1,KK 
240  Si JtK)=S( J»K)-CC*S( J»KK+1) 
250  CONTINUE 

RETURN 

END 
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SUBROUTINE  MOD IFY( A,B ,NEO,MBAND ,N,U ) 

IMPLICIT  REAL*8( A-H, O-Z  >  , INTEGER*4 ( I-N ) 
DIMENSION  B(156),A(156,78) 

DO  250  M=2,MBAND  MODIOO  3 

K=N-M+1  MODIOO  4 

IF(K)  235,235,230  MODIOO  5 

230  B(K)=B(K)-A(K,M)*U  MODIOO  6 

A(K,M)=0.0  MODIOO  7 

235  K=N+M-1  MODIOO  8 

IF<NEO-K>  250,240,240  MODIOO  9 

240  B(K)=B(K)-A(N,M)*U  MODIOO  0 

A(N,M)=0.0  MODIOO  1 

250  CONTINUE  MODIOO  2 

A(N,1)=1.0  MODIOO  3 

B(N)=U  MODIOO  4 

RETURN  MODIOO  5 

END  MODIOO  6 


B-19 


SUBROUTINE  BANSOL 
C 

IMPLICIT  REAL*8(A-H,0-Z),INTEGER*4( I-N) 

COMMON/ BAN  A  RG/B(  156),  A  (  156,78  ) , MBAND,NUMBLK, JA 

C  BANS0004 

MM=MBANO 

NN=96 

NL=NN+1 

NH=NN+NN  BANS0007 

NB=0  BANSOO  8 

NBK  =  1 

FIND(l'l) 

GO  TO  150  BANSOO  9 

C* **********  ************************************************************ gANSOOl  £ 

C      REDUCE  EQUATIONS  BY  BLOCKS  BANS0013 
q******* ********************************************** *************** ***bansoo 14 

C  BANS0015 

C      1.  SHIFT  BLOCK  OF  EQUATIONS  BANS001 

C  BANS0017 

100  NB=NB+1  BANS0018 

DO  125  N=1,NN  BANS0019 

NM=NN+N  BANS0020 

B(N)=B(NM)  BANS0021 

B(NM)=0.0  BANS0022 

DO  125  M=1,MM  BANS0023 

A(NtM)=A(NM,M)  BANS0024 

125  A(NM,M)=0.0  BAMS0025 

C  BANS0026 

C      2.  READ  NEXT  BLOCK  OF  EQUATIONS  INTO  CORE  BANS0027 

C  BANS0028 

IF  (NUMBLK-NB)  150,200,150  BANS0029 
150  READ  (l'NBK)  ( B ( N ) , ( A ( N, M  )  ,M= 1 , MM ) ,N=NL ,NH ) 
NNK=NBK 
NBK=NBK+JA 

IF  (NB)  200,100,200  BANS0031 

C  BANS0032 

C      3.  REDUCE  BLOCK  OF  EQUATIONS  BANS0033 

C  BANS0034 

200  DO  300  N=1,NN  BANS0035 

IF  (A(N,D)  225,300,225  BANS0036 

225  B(N)=B(N) /A(N,1)  BANS0037 

DO  275  L=2,MM  BANS0038 

IF  (A(N,D)  230,275,230  BANS0039 

230  C=A(N,L)/A(N,1)  BANS0040 

I=N+L-1  BANS0041 

J=0  BANS0042 

DO  250  K=L,MM  BANS0043 

J=J+1  BANS0044 

250  A( I, J)=A( I,J)-C*A(N,K)  BANS0045 

B( I)=B( I)-A(N,L)*B(N)  BANS0046 
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A(N,L)=C 
275  CONTINUE 
300    CONTINUE 

NBK=NNK-JA 

IF(NUMBLK.EO.NB)    GO    TO    410 

WRITE    (l'NBK)     (B(N),(A(N,M)tM=2»MM),N=l,NN) 

NBK=NNK+JA 

GO    TO    100 

V-  -u  -j,  ,i,  ~j,  ol.  -J,  -jl.  o>  »»»  y-  «j«.  a.  -jl,  ,*,  J*  »v  «J*  o*  ou  **■  %v  -J*  •■*»  >**  -J"  "J1-*  «■•«•  "*•  «V  •*V  *V  *V  -J*-  •*•  *^  *'-  ■***  **•  »V  «**  ^c  -Ji-  u»  a*  a»  *fc-  *»»  J*  »t#  -JU  J*  ou  -J*  V'  ***  .j,  -a,  ■»•.  o-  o-  u*  ..u  -"i*  -*--•-  ^«*  ■-•-  -.*■»  •>■ 

j,~  <-,,-  Jf.  -t-  -,..  -y-  -„■•  *,-  -,-.  iy.  -,-  -,-  ^  -,^  -,»  -r  ^  -,>  -,-.  -,^  »,*,  -,1*  -,«.  .-,»  -,»  -v  -,-.  -,-  -,-  -r  *,t  -,-  -y.  -^  -r-  ~f.  -,-  -r  -,-  -,-  -,-  *r  ^^  -,>  ^.  -,»  •,.  ,r  ,r  ^.  ,,s  »,-.  -r  -,,  j,»  -,^  ».(^  ,,^  -^  -r  ,(^  -s*  -,t  -^  ,,^  -,»  -j^  -,-.  ^,  , 

BACK-SUBSTITUTION 

410    DO    450    M=ltNN 

N=NN+1-M 

DO    425    K=2,MM 

L=N+K-1 
425    B(N)=B(N)-A(N,K)*B(L) 

NM=N+NN 

B(NM)=B(N) 
450    A(NM,NB)=B(N) 

NB=NB-1 

IF(NB.EO.O)    GO    TO    500 

READ       (l'NBK)     ( B  (  N ) , ( A ( N ,M ) ,M  =  2 t MM ) ,N  =  1 ,NN ) 

NBK=NBK-JA 

GO    TO    410 
500    K=0 

DO    600    NB=1,NUMBLK 

DO    600    N=1,NN 

NM=N+NN 

K  =  K  +  1 
600    B(K)=A(NM,NB) 

RETURN 

END 
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SUBROUTINE    STRESS 
C 

IMPLICIT    REAL*8(A-H,0-Z), INTEGERS ( I-M) 

COMMON/ SYSTEM/ NUMNP,NUMEL,NUMM AT ,NUMHAR ,NUMPC , NHAR , NTC( 12)  ,  IBC( 20) 
1,JBC(20),PR(20,2),XHAR,HED( 18 ) , E ( 8, 3, 1 2) , DDX, DDY, DDR , DDP, PI , ZL 

C0MM0N/N0DPNT/XJ600) ,  Y { 600 ) ,UX ( 600) ,UY ( 600 ), CODE  ( 600) ,T(600), 
1UZ(600) 

COMMON/ EL EMNT/C( 6,6) ,S( 15,15 ),ST(6, 15 ) , XX ( 6 ) , YY ( 6 ) , EE( 2 ) , XC, YC, VOL 
1,SIG(560,6),IX(560,5),N,MTYPE,LM(4) 

COMMON/ BANARG/B( 156) , A ( 156,78 ) ,MBAND,MUMBLK  ,  J A 

NUMUK=3*NUMNP 

C  COMPUTE    STRESSES    OF    ELEMENTS    FOR    EACH    HARMONIC    AND    STORE    ON    TAPE    4 

C  '*'  v''  **"  "  '*'  &  >^  "£*  ^'  ***  J*  &  A  3fe  **"***  jfe  J**  **"  jfe  )fe  •&  3&  **»  ***  °'  jfe  ***  3*'  "':  ■J^5feJi*'V5fe33C3!C3&'Jl*dt3fe3fa  *  ^  ;';  ;';  ;';  ;''  ^-  ;';  )•(  ;V  ^;  i1'  ^;  ;•;  ;•-  ;V  ;';  ;';  ^  ;';  '';  °'  ^  ;'^  ^';  ;'(  *■•*  »<•  ■** 

DO    300    M=1,NUMEL 

N  =  M 

IX(N,5)=IABS( IX(N,5) ) 

MTYPE=IX(N,5) 

DO    50    1=1,6 
50    SIG(N,I )=0.0 
90    CALL    QUAD 

MM=4 

IF(  IX(N,3)-IX(N,4) )     170,160,170 
160    MM=3 
170    DO    180    1=1,6 

XX( I )=0. 

DO    180    J=1,MM 

II=3*J 

JJ=3*IX(N,J) 
180    XX ( I)=XX( I)+ST( I, 1 1 )*B(JJ) +ST( 1,11-1 )*B( JJ-1)+ST( 1 ,  1 1-2 )*B < J J-2 ) 

DO    190    1=1,6 

DO    190    J=l,6 
190    SIG(N, I  )=SIG(N,I )+C( I,J)*XX( J) 
300    CONTINUE 

WRITE    (4)     ( (SIG(N,  I  ) , I  =  1 , 6 ) ,N  =  1 ,NUMEL ) 


C 


RETURN 
END 
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SUBROUTINE    OUTPUT 

IMPLICIT    REAL*8(A-H,0-Z), INTEGERS ( I -N ) 

COMMON/ SYSTEM/ NUMNP,NUMEL,NUMM AT, NUMHAR ,NUMPC , NHAR , NTC ( 12), IBC( 20) 
1,JBC(20),PR(20,2),XHAR,HED( 18 ) , E ( 8 , 3, 1 2 ) , DDX, DDY, DDR , DDP, PI , ZL 

COMMON/NODPNT/X(600) , Y ( 600 ) ,UX ( 600 ) ,UY ( 600 ), CODE ( 600),T( 600) , 
1UZ(600) 

C0MM0N/ELEMNT/C(6,6),S(15,15),ST(6,15) , XX ( 6 ) , YY ( 6) , EE ( 2 ) , XC, YC, VOL 
1, SIG( 560,6 ),IX( 560,5 ) , N, MTYPE ,LM ( 4 ) 

COMMON/ B AN ARG/B( 156), A( 156, 78) , MB AMD, NUMB LK , J A 

NUMUK=3*NUMNP 

NUMST=6*NUMEL 

.  ***  -»,  -J..  -J-  >J-  -j,  •&*  -f^  **.  -.^  *•-  ou  J,  »t*  j»  j-  -J,  V'  >V  **•  J"  ***  **>  ***  *V  •*-  -J'  »*••  >*-  -*«"  »*'  »fe  *■'*  -*■*  ***  -*"  -^  -'-  ***  "J*  *V  ■»**  *■'<■  ■*»  *■*-  ■*«  *  -A«  "V  »**  ■J*  -'■*  "'-»  **•  -**  -**  -'"  **•  -1-  •»'*  ***  ■•*■  *»*  »**  ■>*•  ■»''  -"*  «*■  -'-  *■'*■ 
•  -r  T1  in  ***  **r  -**  *r*  <*r*  -V  in-  ■**  1*  n*  *f  v  *T  T"  *r  ^r*  -i*  t*  *r  *r*  "I*  ^n  -v  -i*  "i"  "V  n*  i"  -r  *v  -|»  *n*  #|»  *|*  -i*  -|»  -i-  -j*"*i*  *r*  *<*  *r>  t-  -**  *t*  *r  ***•?*  t  *r  T  -v*  "V  *r>  -tv  T"  *t»  *r-  n^  1*  1""  -T-  t*  'i-  l*  *v  -v 

COMPUTE    THE    CENTER    OE    ELEMENT 

i.i/j/^^o<>i.^  *x>  o,  %i«  o*.  o*  -',  v^  **.  *'-  v(«  *•*  -J*  •,•-  ^«-  v  •",*  ■£•  •»■*■»  ***  «v  -.•-  -1-  -j-  ->-  .'..  «t*  .■    ,i,  *i,  *u  o,  o,  -J-  -j-  »y  *V  j»  o-  o,  »v  *t  »•'  J*  «V  J»  ^  J*  4>  *a»  -J-  >*-  ^*  >*-  V*  *V  -•■*  *■*-  •**  -''  **■•  »'*  *■**  ■»'* 
•Vi*tv  t  'r*  -v  'i-  f  -v  i"  "T*  ic  ?r*  -r  t  f-  'f*  »j*  V  'Is  n*  "i"  Ji"  *t"  t»  t-  *i»  "V*  'i*  "ts  *iv  *r  t-  ■"»-  *v  -v  t  t  -^s  ix  *r  *is  ix  ir  "V  ***  *n  -r  T"  ic  *r  *»■*  '<*  *t*  '>"  ^*  nf  'i*  '>-  ^  *r  *y*  *<~  ■r-  'i**  'i*  *i*  "v  "i* 

DO    400    N=1,NUMEL 

CODE(N)=0.0 

T(N)=0.0 

IF(  IX(N,3)-IX(N,4) )    300,100,300 
100    DO    200    1=1,3 

II=IX(N, I) 

T(N)=T(N)+X( II )/3.0 
200    C0DE(N)=C0DE(N)+Y(  II  )/3.0 

GO    TO    400 
300    DO    350    1=1,4 

II=IX(M,I ) 

T(N)=T(N)+X( II)/4. 
350    C0DE(N)=C0DE(N)+Y( II )/4. 
400    CONTINUE 

REWIND    4 

450    READ    (5,1000,END=900)     ZZ 

DO    550    N=1,NUMNP 
UX(N)=0.0 
UY(N)=0.0 
550    UZ(N)=0.0 


DO    675    N=1,NUMEL 
DO    675     1=1,6 
675    SIG(N,I)=0.0 


-  ^  ■**,  j,  -i-  j-  ^t-  j,  vt,  o,   ^',  ^i,  ->,  ^>,  ju  ^'-  vu  »•'  -»'  >o  -'*  -'* 

>,-  -r  *(-  -^  'r-  'i-  -'("•  'i-  -i^  -v  'i-  'i-  'r-  -r-  'i-  ', --,--,--,--,>  -,-. 


ADD    TOGETHER    THE    STRESSES    FOR    EACH    HARMONIC 

-    .^    O-    ^»,  O,  O^    O..    v'^   O,    ~l-    ^«>    v",    v'-    J-    -I-   ~»-     -.<-   ^U    J.    .'^    O,    0>    .•-    O^    J*   iJL.   «ly  «,!■    «A-    -V    lA.  -Jr  >U   »V   "*'   -''    -''    -v''  sU  JU    fcl*  -..V  -Ar  •&•   U-    -'•    O*  * 

•  'r  t  ■'r-T-  T*  n*  •»*■  t  *p  'e  -r  i*  'i-  Vi»  tt  r  i»  v  r  v  t  i*  *r  "V  i~  T-  -r  ">-  *i^  ■*!''  *r  *i"  *f  'f  *t*  "r-  'i»  t  *r  n-  *<*  **»  o~  t  ' 

DO    800    NHAR=1, NUMHAR 
XHAR=NHAR-1 
ZX=PI*XHAR*ZZ/ZL 
SINZ=DSIN(ZX) 
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600 


cnsz=DCos(zx) 

READ       (4)     (B(N),N=1,NUMUK) 

DO    600    N=1,NUMNP 
UX(N)=UX(N)+B(3*N-2)*COSZ 
UY(N)=UY(N)+B(3*N-1 )*COSZ 
UZ(N)=UZ(N)+B(  3*N)*SINZ 

READ     (4)     (R(N) ,N=1,NUMST) 


C 

c 
c 

c 

o 
c 


700 

800    CONTINUE 

WRITE    (6,2001)  (N,X(N),Y(N) , ZZ ,UX ( N ) ,UY (N ) , UZ ( N ) , N=l , NUMNP ) 

WRITE    (6,200  2)  ( M, T ( N ) ,C0DE ( N ) ,ZZ,(SIG(N,I),I=1,6) ,N=1,NUMEL) 


*  V  *r  ^r-  V  *r  V  'r  't:  n*  *fi  V  -i- 


r  -t,  ^1,  *X,     SV 


:  5,C  3i*  *i*  V  'i*  t*  V  ~r  rfi  V  *r  V  *P  V  *r  *r  'i'  -)'  W  W  V  ' 


COMPUTE    STRESS    INTENSITIVE    FACTORS    OF    ELEMENT 

;S  *,c  ;.<  5.: 


:$**#$#*: 


S    NEAR 

•ft,  ;t,  s»j  «l,  *U  ;ij  ■ 


CRACK 


V1  *.*  t*  *p  *r  I-*  t*  "i"  ip 


WRITE(6,2003) 
DO    850    N=1,NUMEL 

IF( (T(N).LT.DDX).OR. ( CODE (M  )  . LT.DDY  )  )    GO    TO    850 
DXC=T(N)-DDX 
DYC=CODE(N)-DDY 
DRC=DSQRT(DXC**2+DYC**2) 
IF(DRC.GT.DDR)    GO    TO    850 
SPI=DS0RT(2.0*PI) 
SDRC=DSORT(DRC) 
ANG=DATAN2(DXC,DYC) 
SINX=DSIN( ANG*0.5) 
SINY=DSIN(ANG*1.5) 
COSX=DCOS( AMG-0.5) 
COSY=DCOS( ANG*1.5) 
COM=SDRC*SPI 

DEN0=2.0*( 1.0+SINX*SINY+C0SX*C0SY) 

S I  =  COM  * ( S I G ( N , 1 ) * ( 2 . 0+COS  X*CO  SY )  +  S I G ( M , 2 ) *COSX*C OSY 
S 1 1  =  COM* ( S IG ( N 1 1 ) * ( 1 . -S INX*S IN Y ) -S I G ( N , 2 ) * ( 1 .  +  S I NX* 
1N0) 
SSI=SI/DDP 
SSII=SII/DDP 
THETA=ANG*57.296 


)/(COSX 

S I  NY )  )  / 


*DENO) 
( SIMX*DE 
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WRITE(6,2004)N,THETA,DRC,SI,SSI,SII,SSII 
850  CONTINUE 

GO  TO  450 
900  RETURN 
C 
1000  FORMAT  ( 1F10.2) 

2001  FORMAT  ( 10H1  N.P.  NO.  9X  1HX  9X  1HY  9X  1HZ  13X  2HUX  13X  2HUY  13X 
1  2HUZ  /(  I10,3F10.2r3E15.7)  ) 

2002  FORMAT  (10H1   EL.  NO.  9X  1HX  9X  1HY  9X  1HZ  12X  3HSXX  12X  3HSYY  12X 
1  3HSXY   2X  3HSZZ  12X  3HSYZ  12X  3HSZX  / ( 1 10, 3F10.3, 6E1 5. 7 ) ) 

2003  F0RMAT(1H1,5X, •  EL.  NO.  ',8X,'  ANGLE  ',10X,»  RADIUS  ',14X,»  KI  ',8 
IX, •  NORM.  KI  «,13X,»  KII  ',7X,'  NORM.  KI I  •//) 

2004  FORMATf I10,6G18.4/) 
C 

END 
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APPENDIX    C 

Results  of  Three-dimensional  and 

Prismatic  Finite  Element  Programs 
Description  of  Figures 

In  Figure  C-l,  a  finite  element  mesh  for  3-D  finite  element 
program  is  shown.    This  mesh  was  developed  for  the  pavement  model 
used  in  this  investigation. 

In  Figure  C-2,  the  variation  of  ^'stresses  with  depth  at  various 
distances  away  from  the  loaded  area  is  presented.    The  results  are 
compared  with  the  analysis  of  stresses  using  a  Chevron  program  and 
an  original  version  of  axi- symmetric  program. 

In  Figures  C-3,  C-4,  and  C-5,  the  results  of  analysis  of  pavement 
systems  using  prismatic  finite  element  program  is  shown.    The  data  is 
compared  with  the  results  obtained  from  a  multilayer  elastic  program. 
(Chevron) . 
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APPENDIX    D 

Description  and  Use  of  Program  for 
Calculation  of  Stress  Intensity  Factors  K-,  and  K 

Li 

Under  Moving  Load 
A  group  of  programs,   MAINSEFK,  PUNCH,  and  FUNCTION,  were 

written  to  solve  for  stress  intensity  factors  for  the  case  of  a  "moving  load"  on 
a  cracked  pavement.     Refer  to  figure  1  for  a  schematic  of  the  loading  system. 
Three  programs  are  required  because  of  the  length  and  complicated  nature  of  the 
mathematics  and  the  need  for  programmer  response  to  certain  phases  of  the  com- 
putations.   The  layered-system  used  in  the  programs  is  defined  in   figure  2. 
Notice  that  only  one  foundation  layer  appears  in  the  system.    Therefore,  to  solve 
the  stress  intensity  factors  for  other  than  a  two-layered  system,  a  equivalent 
two-layered  system  must  be  found.    In  general,  the  procedure  for  solving  the 
stress  intensity  factor  Kl  is: 

1)  Find  the  moment  function  for  the  system  in  question.    This 
may  be  found  through  some  N-layered  elastic  program. 

2)  Use  the  program,   FUNCTION,  to  solve  an  equivalent  two 
layered  system.    In  the  program,  use  identical  values  for  the 
parameters--pavement  Young's  modulus,  pavement  Poisson 
Ratio,  pavement  thickness,  load,  and  load  radius.    Solve 

for  the  foundation's  modulus  K  which  will  match  the  resulting 
moment  function  with  the  moment  function  obtained  in  the  N- 
layer  elastic  program. 

3)  Run  the  program,   PUNCH,  with  the  same  parameters  as 
above.     The  output  will  be  a  "punched"  deck  of  the  moment 
function  for  the  particular  modulus  K  obtained  in  the  above 
step. 

4)  Run  the  program,  MAINSEP'K,  to  solve  the  stress  intensity 
factor  Kl. 

To  solve  the  stress  intensity  factor  K2,   repeat  the  above  procedure  match- 
ing the  shear  functions.     Note,  for  the  case  of  two  layer  system,  steps  1  and  2 
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can  be  by  passed. 

These  programs  were  written  to  solve  the  moving  effects  on  a  system 
with  unbonded  layers.    After  their  completion,  an  investigation  began  and  still 
is  being  carried  out  to  study  the  same  effects  on  a  system  with  bonded  layers.    A 
variable,   BOND  FT,  is  introduced  into  the  calculation  of  the  rigidity  parameter 
A  ,  which  is  given  by 

Since  the  investigation  is  not  yet  completed,  we  recommend  that  the  user  restrict 
himself  for  the  present  to  the  "unbonded"  case.    This  can  be  assomplished  by 
entering  "1.  "  for  variable  BONDFT. 

The  program,  MAINSEFK,  solves  the  Kl  and  K2  stress  intensity  fac- 
tors for  the  case  of  a  pavement  with  a  semi- infinite  crack.    The  problem  is  so 
structured  that  for  a  given  position  of  the  load  (which  is  described  entirely  by 
moment  and  shear  functions),  Kl  and/or  K2  will  be  calculated.    Since  it  is  of 
particular  interest  to  study  the  effects  of  a  "moving  load",  the  program  allows 
the  load  to  be  incremented  in  a  direction  parallel  to  the  X  axis. 
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MATHEMATICAL  CONSIDERATIONS 

The  theory  involved  in  this  program  can  be  summarized  by  the  general 
expressions  for  the  two  stress  intensity  factors  given  as: 


K    =  Tf  B±±)(l-i)  EhA%P0 
(1+v) 


K2=  7T  &±i£(l+j)  EhA^Q0  2. 


(1  +  *) 

The  terms  PQ  and  Qq  are  complex  and  defined  as; 

^       a>A,  'P0    =    -moV^A  L     s^s2+c0+^2  X+Q(A')[ 

27r(4-u0)uQ\a   |  a  a    j 

'Q0  =     -uoV\  j1  +  s,^c0+«/2  |  1 

27T(4-v0)v0A2a3/2  J  a  va2| 


3a. 


3b. 


for       a<A_  ,p    _    -i^e-1^   j<±W/?j)  +  (.    .X+I..c0)f  +  O(|)[      3c' 

>q    =    -iu„e"        jltWr L,i    .  i      i     na  ,0(3=)      3d- 


where: 


0=  Eh3/(i2(i-i/2)) 

a  =  nir/p  ,       a  variable  of  the  Fourier  representation 
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i«\£i 


a2=i 


N  =  f— 11  >  where    |  11   is  tne  greatest  integer  function 


u0=  1-1/ 


m0=      a  complex  constant  used  in  representing  the  moment 
function 

0        a  complex  constant  used  in  representing  the  shear  function 


The  terms  s..,S2,  and  c    are  complex  constants  and  are  small  -  in  fact, 
these  terms  can  be  disregarded  as  it  will  be  shown  later. 

As  it  is  necessary  to  calculate  the  stress  intensity  factor  for  different 
load  positions  and  since  the  moment  (or  shear)  function  has  the  same  shape  at 
different  locations  of  the  load  -  an  important  property  from  Plate  Theory,  (see 
figure  3)  the  most  efficient  approach  is  to  calculate  the  moment  function  once 
with  the  load  at  the  origin  of  the  coordinate  system.    Then,  different  moment 
functions,  for  the  same  load,  can  be  expressed  by  means  of  different  sets  of 
Fourier  coefficients.    That  is,  a  set  of  coefficients  for  the  moment  corresponding 
to  a  different  position  of  the  load  can  easily  be  calculated  from  the  original  mo- 
ment values  obtained  with  the  load  at  the  origin  by  merely  translating  a  "moving 
coordinate  system"  along  with  the  load.    Mathematically,  this  is  expressed  by: 
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??Z     J5JC0S(^)(Xj-X1)    AX   =  2rr 


J=  -P 
where  Mn  is  the  n      modified  Fourier  coefficient,  1VL  is  a  tabulated  value  of  the 

moment  function,  and  x^  is  the  distance  the  moving  coordinate  system,  or  the  load, 

is  displaced  from  the  fixed  origin.    The  parameter  p  needs  special  mention  as  it 

will  have  an  influence  in  severl  ways.    In  the  calculation  of  the  Mn  values,  which 

represent  the  moment  function,    p  defines  the  half-period  of  the  moment  function. 

That  is,  the  value  chosen  for  p  must  be  such  as  to  not  have  the  moment  repeat 

itself  too  close  to  the  area  of  interest  since  it  is  treated  as  a  periodic  function  in 

the  Fourier  expansion. 

Likewise,  the  shear  function  is  expanded  into  a  set  of  modified  Fourier 

coefficients  for  different  positions  of  the  load  relative  to  the  fixed  coordinate  system: 
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+p 


]=-P 


cos      (tiff      (   x^-  x-^)    )  Ax  =  2uq,  (5) 

P 


where  v^  is  a  tabulated  value  of  the  shear  function. 

Now,  if  we  substitute  the  coefficients  mn  into  the  expressions  forP^  in 
place  of  mQ  and  sum  over  n  from  -p  to  tp,  we  will  find  the  following,     First, 


since  a 


_  n  n 


and  p    is  represented  by  different  expressions  over  different 


ranges  of  a,  we  must  sum  the  expression  2Pq  in  the  range  -N  <  n  <  +N  and 
then  add  to  it  the  sums  of  1pQ  for  the  ranges  n  <  -N  and  n  >  N.    The  second 
result  of  the  substitution  to  be  noted  is  that  for  2Poand  2Q   ,  the  second  terms 
in  the  square  brackets  will  cancel  as  they  contain  a  factor  a/\    (or     nrr/p        and 
the  sum  is  symmetrical  around  zero.    The  terms  of  second  order  in  a/A.    and 
A. /a  will  always  be  disregarded  as  contributing  too  little  to  be  of  importance. 
In  the  case  of  l?o  and'Q0,  the  second  terms  in  the  square  brackets  will  be  small 
becoming  very  small  as  n  approaches  -  p.    It  must  also  be  noted  that  the  trans- 
ition values  for  n,  i.e.    n=  -  N,  which  determine  the  particular  forms  of  pQ  and 
Qq  to  use,  are  deleted  from  the  sum  on  the  additional  assumption  that  these  two 
terms  in  the  overall  sum  will  be  small. 

We  are  now  left  with  the  following: 

/    N-l  +p  w 


(  n  =  -p        n  =  n  +  1 


m 


nVp" 


4  77  (4-1^)   V 0\/\3  n  TT 


;  ^  -  i  tt/4 

-I  mn    e         ' 


Z-.      4  nU  -  v. 


n=  -n  +  1 


(4-^)^0  X2 


(4  -Vq)V0 
T 


Vt 


D-S 


Qo  = 


-N-l  +P 

z  +  i 

n=  — p       n  =  N  +  1 


-VnP 


3/2 


4<4-*V*WX3n3;r5 


N-1 


y  -.vng 

iL-       4  77  (  4  -  U 


i  77/4 


n=  -N  +  1 


0>^0  X3 


I  1/2 


(4-  V0)V0 


The  input  parameter  p,  which  was  shown  to  be  mathematically  the  half 
period  of  the  moment  function  in  the  Fourier  expansion,  can  now  be  seen  to  have 
a  second  influence  that  of  controlling  the  relative  amounts  of  the  two  expressions 
for  either  PQ  or  QQ.    In  other  words,  if  E  or  K  is  such  as  to  make  X  quite  small, 
PQ  would  be  determined  almost  exclusively  by  ^P^unless  the  parameter  p  is  made 
large  enough  to  compensate  this. 
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PROGRAMMING  CONSIDERATIONS 

All  of  the  equations  for  this  program  were  broken  into  real  and  imaginary 
parts,  primarily  for  possible  minor  component  analyses  of  Kl  and  K2  at  some  future 
date. 

The  program  begins  with  reading  in  the  system  data,  those  pavement  and 
foundation  parameters  which  describe  the  loading  system.    Next,  the  tabulated 
moment  and/or  shear  functions,  which  were  calculated  by  the  program  PUNCH, 
are  read  from  punched  cards. 

A  word  of  caution  is  in  order  here  concerning  the  moment  and  shear 
functions.     Because  of  limitations  in  the  approximating  function  for  the  JBessel 
function  in  the  program  PUNCH  (and  in  FUNCTION)  the  calculated  moment  and 
shear  tend  to  become    inaccurate  outside  of  the  range  of  0  to  -45  inches.    In  or- 
der to  correct  for  this  inaccuracy,  the  program  MAINSEFK  has  two  input  variables, 
ZEROM  and  ZEROS,  which  allow  the  user  to  zero  the  number  of  moment  and 
shear  values  he  deems  necessary,  from  an  inspection  of  the  output  of  PUNCH,  in 
order  to  insure  that  the  input  functions  will  behave  nicely  and  decay  to  zero  with 
distance  from  the  load  as  the  actual  moment  and  shear  do. 

Also,  it  is  to  be  noted  that  in  order  to  minimize  execution  time,  each  set 
of  moment  (or  shear)  values  corresponds  to  a  set  of  X  values  and  a  particular  Y 
value.    Because  of  the  procedure  involved  here,  however,  the  X  values  must  be 
spaced  in  intervals  equal  to,  or  in  integral  multiples  of,  DELTAX.    This  require- 
ment also  holds  for  the  parameters  X1BEG,  X1END,  and  X1INT. 

After  the  reading  in  of  the  program  constants  and  options,  the  MAIN  pro- 
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gram  enters  a  loop  where  the  load  position  XI  is  made  equal  to  Xlbeg.    The 
control  is  then  transfered  to  the  subroutine  SOLVE  where  a  set  of  modified 
Fourier  coefficients  is  calculated  according  to  the  expressions  4. )  and  5. )  for 
the  load  at  position  XI  and  using  the  set  of  moment  (or  shear)  values  that  were 
input  to  the  program.     Control  then  is  transfered  to  the  subroutine,  STREFT, 
where  Kl  and /or  K2  are  calculated  similar  to  expressions  6.)  and  7. ).    After 
these  calculations  control  returns  to  MAIN  where  the  Kl  and/or  K2  values  are 
printed  and  the  load  position  XI  is  incremented  by  X1INT.     The  cycle  then  re- 
peats through  SOLVE  and  STREFT  until  XI  equals  X1END. 

There  exists  an  option  in  the  subroutine  SOLVE  where  the  moment  (or  shear) 
function  can  be  reconstructed  from  the  calculated  set  of  Fourier  coefficients 
for  the  load  at  the  origin.    This  is  accomplished  by  inputing ,  TRUE,  for  the 
logical  variable  PRISK  and  specifying  where  the  moment  (or  shear)  should  be 
calculated.    If  the  fit  of  this  calculated  moment  (or  shear)  is  not  too  close  to 
the  original,  it  will  be  necessary  to  increase  the  value  of  NOOFN  explicity  in 
the  MAIN  program. 

It  should  also  be  noted  that  sometimes  while  attempting  to  have  the  load 
move,  the  calculations  are  aborted  and  a  message  is  printed  to  the  effect  that 
the  X  translated  value  is  too  positive  or  too  negative.    This  results  from  the 
method  used  to  translate  the  load  position  or  in  the  handling  of  the  set  of  x  values 
that  correspond  to  the  set  of  moment  (or  shear)  values  supplied  as  input.    What 
is  needed  to  correct  this  problem  is  a  larger  value  for  ZEROM  (or  ZEROS); 
thus,  it  is  necessary  that  the  program  PUNCH  calculate  values  for  a  sufficient 
distance  to  give  the  user  enough  latitude  to  move  the  load  position  as  needed  in 
MAINSEFK.  D_]2 


The  program,   FUNCTION,  solves  for  the  moment,  shear,  strain  and 
deflection  functions  for  the  case  of  a  pavement  with  a  semi -infinite  crack.    See 
figure  1  for  interpretation  of  the  system.    The  problem  is  structured  so  that  a 
load  can  be  located  anywhere  on  the  pavement  surface  and  the  program  will 
calculate  the  above  functions  for  any  point  along  the  crack. 

The  theory  behind  the  program  is  basically  "Plate  Theory."    The 
deflection  function,  co  (r)  ,  is  defined  as 


KTra    I     \        
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where  K  represents  the  foundation's  equivalent  Young's  modulus,  P  represents 
the  load,  a  represents  the  load  radius,  E  represents  the  pavement's  Young's 
modulus,   0  represents  the  pavement's  Poisson  ratio,  h  represents  the  pavements 
thickness,  Jn  represents  the  J  Bessel  function  of  degree  n,  XI  represents  the 
distance  along  the  X  axis  from  the  origin  to  the  load,  Yl  represents  the  distance 
along  the  Y  axis  from  the  origin  to  the  load,  and  1,  D,    f    ,  and    ©     are  given  as 


1    =       i/D/K 


D=       E   h3/(U(l-C)*)} 

r  =     ^[x-xn-]2--*-  [  y-yi]2- 

^  X  -  XI J 


e    - 


To  numerically  solve  the  "oo(r)"  integral,  we  transpose  the  function  into  "sum" 
calculus,  which  is  given  by 

n 

UJ(r)     -  P         \        \T,  (  m  a)     vT0  (,  rn  )r )       &  rn 


It  was  found  that  the  sum  converges  for  M  equal  to  6  and    A  m  equal  to  .  01. 
The  moment  and  shear  functions,  Mv(x,  0)  and  Vv/k  0)  respectively,  are 
derivative  functions  of  oo  (r)  and  are  given  as 
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where 


VjU.O"* 


6    UXr) 


^^^^  coSle  -f     a^ciO    sine 


liL^llssne     -v-      a^(r)    cosS 


a  r 


I  t- 


^    wtr)     _ 


^   ^cr)   5in3e    4-3    ^  QJCr>    sm&  cose 
^r3  ^r1,  r 


3     ^'"^     Sin  ft     co,sq 
If  r 


— 

3                                             ^ 

I. 


L^>A-3co5l©]im 


e 


(l-3coS*  el 


The  partial  derivatives,      ^  <^Cr)  ^.  u;cr)        and      "^  ujin       are  solved 


fc-t-  >  ^ 


jr! 


numerically,  and  are  given  by 
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^ujtr')       _  » 


M 


U 


--  —  y 


M 


KTT<X 


E 


*Tf    V  O 


M 


KTTQ, 


ZT\  <>  m.  oQ  To  '  <,  m  r*) 


g      £>1 


ttl  »  o 


Again,  it  was  found  that  each  sum  converges  for  M  equal  to  6  and    ^  M  equal 
to  .  01.     The  strain  components,  €-xx  (x,y)  and  fc.^    (x,y),  are  also  derivative 
terms  of  the  deflection  function  and  are  given  by 
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£xxt*,*>    r 


m  *© 


rn 


TiCrna,}  T0  C  m  r)        svr\   © 


\   -+      m 


h    is 


^m 


CSM  Cx,s)  _ 


■'i'j 


M 
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m  -o 
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For  convergence  of  these  two  sums,  again  M  equals  6  and    A  M  equals  .  01. 

The  program  calculates  each  of  the  above  mentioned  functions  in  a  simple, 
straight  forward  manner.     First,  the  system  data  is  read  in.    Then,  for  each 
desired  value  of  X,  the  program  iteratively  solves  for  all  numerical  "sums." 
Each  result  is  combined  algebraically  in  the  required  form  to  find  the  moment, 
shear,  strain  and  deflection  for  the  particular  value  of  X.     The  printed  output 
then  follows. 

For  this  program,  the  execution  time  is  roughly  two  seconds  for  each 
value  of  X.     One  should  closely  follow  the  calculated  functions  for  the  BESJ 
subroutine  becomes  slightly  inaccurate  beginning  around  a  X  value  of-45. 
Aside  from  this  small  problem,  no  other  difficulties  exist. 
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The  program,   PUNCH,   solves  the  moment  and  shear  functions  for  the 
case  of  a  pavement  with  a  semi -infinite  crack.     See  figure  #1  for  interpretation 
of  the  particular  system.     In  addition,  the  program  punches  out  the  functions  on 
data  cards  as  they  are  needed  as  inputs  to  the  program  MAINSE  FK.    The  problem 
is  structured  so  that  the  load  can  be  located  anywhere  on  the  Y  axis  and  the  pro- 
gram will  calculate  a  moment  and  a  shear  for  points  along  the  crack.    Since  the 
programs  FUNCTION   and  PUNCH  have  the  same  theoretical  base,  I  will  dispense 
with  a  theoretical  discussion  here.    If  need  be,  refer  to  the  program  FUNCTION 
for  any  questions. 

This  program  calculates  the  moment  and  shear  functions  in  a  more 
"streamlined"  manner  compared  to  the  program  FUNCTION.     This  character- 
istic is  needed  for  several  hundred  moments  and  shears  are  necessary  as 
input  to  the  program  MAINSE  FK.     Briefly,  the  structure  of  the  program  is: 

1)  Read  in  system  data 

2)  Calculate  the  moment  and  shear  for  each  desired  K  value 

3)  Print  and  punch  output. 

For  this  program,  the  execution  time  is  roughly  one  second  for  each 

value  of  X.     One  should  closely  follow  the  calculated  functions  for  the  BESJ 

subroutine  becomes  slightly  inaccurate  beginning  around  an  x  value  of  -45. 

I  would,  therefore,  recommend  that  initially  the  beginning  X  value  be  equal 

to  -45.     To  accomplish  this,  the  variable  CLCHEK  should  be  set  to  "TRUE", 

and  the  variables  SMSTAT  and  SMEND  be  set  to  -45  and  0  respectively.    If 

one  finds  that  the  functions  are  still  present,  he  need  only  to  insert  new  upper 

and  lower  bounds. 
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APPENDIX  E 

Description  and  Use  of  the  Program  Collocation 
Which  Calculates  the  Stress  Intensity  Factor  K 
For  Finite  Cracked  Pavements 
The  program,  COLLOCATION,  calculates  the  Kl  stress  intensity  iactor 

for  the  case  of  a  pavement  with  a  small  finite  crack.    See  Figure  #1  for  an  explan- 
ation of  the  system  loading  procedure.    The  method  chosen  to  solve  the  problem 
is  the  "boundary  collocation  of  stresses."    Particularly,  the  method  uses  Williams 
"Phi"  stress  function  in  combination  with  elasticity  theory  stress  representation. 
Theoretically,  the  stress  intensity  factor  Kl  is  given  by 


K±  =       -  V~iT^F  •    dx 


where   the  d^  term  represents  the  first  stress  variable  in  Williams  "Phi"  stress 
function.    This  stress  function  is  given  by 
N 


"+      (-0   ^an    r         -cosln-0e   -V  cos(rn-i)el 

By  using  a  collocation  of  stress  procedure,  the  program  will  solve  for  the  d{  terms. 
Referring  to  figure  2,  the  boundary  conditions  are  as  follows 

Boundary Stress  Collocation Type  of  stress  function 

A-B  foTsia.      z.        O  Williams' 

Williams' 

B-C  tf^ya.       -     +(*>  Elasticity  Theory 

Elasticity  Theory 


Wyl 

~ 

O 

XT 
xx  a. 

- 

K    VJ, 

tf^ya. 

™ 

+  (*> 

V^^ 

= 

^x) 

{Txxa. 

- 

o 

r^^a. 

— 

o 

Vm  XX 

- 

-P/X.O, 

U^a. 

— 

o 

C-D  l/xxt      :  Williams' 

Williams' 

Williams' 
Williams' 
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The  elasticity  functions  f  (x)  and  g(x)  are  given  as 

where  E,  represents  the  pavement's  Young's  Modulus,  v  represents  the  pavement's 
Poisson  ratio,  h  represents  the  pavement's  thickness,  CI  represents  the  pavement's 
crack  length,  P  represents  the  total  system  load   ,  2a  represents  the  width  of  the 
loaded  area,  d  represents  the  pavement's  collocation  section  length,  D    represents 
the  foundation's  rigidity  modulus,  E2rePresents  the  foundation's  Young's  modulus, 
W  represents  the  pavement's  width,  and  I,  M,  Q^and  ©     are  given  as 


I   =    d3/l2 

p      -Ph 

q ■  =    _E_    e*y    costly) 
e   r 


/  Cos(&  4)  -  s\n($^)) 


*  ...Ml 


To  obtain  the  stresses  for  which  Williams'  stress  function  is  defined,  we 
must  follow  a  two-stage  derivative  procedure  of  the  "Phi"  stress  function.    That  is, 
partial  derivatives  of  the  stress  function  withrespect  to  "p"  and  "e"  need  to  be 
taken  initially.     Then  partial  derivatives  of  these  derivatives,  with  respect  to  "x" 
and  "Y",  need  to  be  taken.    The  following  are  the  partial  derivatives  described  in 
the  initial  step: 
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I  . 


dr 


-V  (.-l)n  d^  (^n-M)  rn  |-cos  (rt-i)  ©   +    cosC  n  +  0© 


J 


MOO  FN 


r»ti 


~  XI       ^"^n-,^^  ^"^  [(n-|)3in(h-l>-^3JSm(n^)e] 


+  C-0    eL^  r  (n-  \)  si  rx^n-0©  -    n  +  i)  sm(  n-n^e 


if  :■ 


d©  d 


+  C-0    <A     r"   nn-i)  sm(.n-i)e-  (nvi)    atwtn-vO  el 


T  NOOFN  ». 


dL 


n*  * 


(n-\) 


n  v\-\)  r  v  -i 

+  1-0   dL      (n-v-0   r\  r  -cos(.n-Oe  -t    cosU+Oe 


X  "1"  NooFN  .  iv 


n  =  i 


+   C-6    ^r^  r°*     [(p-^  cos(.r\-0©   -  Cn-vO  cosC 


u+O© 
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The  parameter  NOOFN  is  a  program  input  and  will  be  discussed  later.    Now 
expanding  and  taking  partial  derivatives  with  respect  to  "X"  and  "Y",  we  have 

•ki  s    ±K»  =    ^  s'"  e  +  l  «*•   5JIL^ 


cose 


+     c*-.-L-    cos*©  —  7.  A  -*-    s  m  e  c^se     4.     A-  J—      cos    g 
d-r  die  r2-  de*         r^ 

VTM:a.  z     -dL=L     2  <=*-  -*-     -   z.    d    -L      &>n  <s>     005  © 
4M                 <JLk4  dLr*  dedr  r 

+  ^kJ-      ^m1  ^  +  3.     rl    J,,    s  m  ©    cose    ^.    d    I         LIS  e 


VTU-     =     -    cj!".!       =       _    A*X      sin  ©  wis     -      <*-£        c-°s  *e 

4.     cL_L       s  me  00s  e      +    <^-L    qq-s  -z.e     4.    ^  X    sine  cos  e 
dlr  r  de  r^  dCe*-  r* 

This  concludes  the  development  of  the  stress  functions.    However,  before  we  turn 
to  the  actual  collocation  procedures,  we  must  derive  one  additional  function.    Notice 
that  one  of  the  boundary  conditions  along  seam  A-B  is  a  "stress-displacement" 
combination.     That  is, 

The  Ui  function  can  be  derived  from  Williams'  original  "Phi"  stress  function,  and  is 
given  by 

Ui    -         UCr,©)     Cos(s)    -    V(.r,e")    S\n(o)     +     L 


E-6 


where  U(r,e)     and  Vo^e)      are  displacement  functions  defined  as 


N  ooFH  i 


C-tfi 


U(r.a)    =     i-i-^J]    (-'""  4,.,r"     [«fc-.i-ni>)c os (n-£) 


n  =  i 


-t-  (*--£■)  cos (rc+-i-)©|  -|-  (-1)  cl^  r  |(3-r\-H^  cos(n  +  0© 
+  (n  +  l)  cos(nH-»)e|  +      L    cose 

-/ui_=3\  *»n(n+-jr)"|    +   (-1)     dnrn["-(3+n-H^)s\n(n-i)  © 

+  (ri+i}sin.(n+.i)e  -+•      L    s  \  n  © 

K  represents  the  modulus  of  subgrade  reaction,  and  L  is  a  constant  of  location. 

Since  all  boundary  conditions  are  now  described  by  mathematical  functions, 
we  can  turn  to  the  actual  collocation  procedure.    This  procedure  is  a  matrix 
operation  which  will  solve  for  the  dj  terms.    In  augmental  matrix  notation,  we  have 

Vxxa. 

^xi   -    K  U, 
*yV 


P/2a 

Boundary 
D  -  E 

0 

C  -  D 

0 

A  -  B 

g  (x) 

B  -C 

0 

D  -  E 

0 

C  -  D 

f  (X) 

B  -C 

0 

A  -  B 
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Now  converting  the  convention  matrix  notation,  we  have 
C 


1,1 


'2,1 


'3,1 


Cl,2       Cl,3  Cl,2*NOOFN+l 


CNOOFXY,  1 


CNOOFXY,2 
*NOOFN+l 


l2*NOOFN+l 


al 
a2 
ao 


aNOOFXY 


where  the  Cif  j  terms  represent  the  coefficients  of  the  dj  terms  and  the  aj    terms  repre- 
sent the  boundary  conditions  for  the  particular  itn  equation.    The  terms,  NOOFN  and 
NOOFXY,  indicate  respectively  the  number  of  Williams'  stress  functions  and  the  number 
of  equations  be  used  in  the  program.      Because  solution  convergence  could  be  a  problem, 
it  was  decided  that  a  "least  square"  optimalization  technique  would  be  employed  to  solve 
for  the  d{  terms.    This  technique  and  its  computer  listing  is  described  in  the  IBM  com- 
puter manuel  -  "The  Scientific  Subroutine  Package"  -  Subroutines  LLSQ  and  DLLSQ  - 
pp.   160  -  164.     By  using  this  method,  many  more  boundary  collocations  can  be  used 
for  the  same  number  of  Williams'  d^  forms.    Thus,  the  only  restriction  on  the  size  of 
the  matrix  is 

3)    2   *NOOFN+l  £.  NOOFXY 

With  the  solution  of  the  dj  terms,  the  stress  intensity  factor  Kl  can  of  course  be 
calculated.    In  the  program  ,    the  variable  NOOFXY  is  calculated  in  the  following  manner 

NOOFXY    =     2  *  (NOOFXL  +  NOOFXU  +  NOOFXS  +  NOOFXB)  -  4 
where  NOOFXL,  NOOFXU,  NOOFXS,  and  NOOFXB  represent  respectively  the  num- 
ber of  collocation  positions  under  the  load  on  the  top  boundary,  outside  the  load  on 
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the  top  boundary,  on  the  side  boundary,  and  on  the  bottom  boundary.    Now,  re- 
writing equation  (3)  we  have 

2  *  NOOFN  +  1    L.      2  *  (NOOFXL  + )  -4 

Simplifing,  we  have 

4  )   NOOFN  +2      Z-   NOOFXL  +  NOOFXU  +  NOOFXS  +  NOOFXB 

The  above  equation  describes  the  size  of  the  collocation  matrix  in  terms  of  program 
inputs. 

The  program  COLLOCATION  was  formulated  into  five  sections: 

1)  Reading  in  system's  data 

2)  Generation  of  coordinate  systems:  X-Y  and  r  -©  boundary  positions 

3)  Generation  of  d-  coefficients 

4)  Solution  of  d^  terms  by  optimaization  routine 

5)  Printed  output 

Since  sections  3,4,  and  5  have  been  previously  explained  or  are  otherwise  self- 
explanatory,  they  will  be  despenced  with  here.  To  explain  sections  1  and  2  and 
to  facilitate  better  overall  understanding,  an  example  will  be  used. 

Suppose  we  wish  to  find  the  stress  intensity  factors  for  different  crack 
lengths  for  a  particular  system.     First  we  must  determine  the  system's  material 
properties:    pavement's  Young's  modulus,  pavement's  thickness,  foundation's 
modulus  beta,  and  etc.    A  list  of  all  material  properties  appears  in  Fig.   1.    Next, 
the    collocation  grid  must  be  designed.    Referring  to  Fig.   2,  the  parameter    d 
and  number  of  collocation  positions  per  side  need  to  be  determined.    As  a  rule, 
the  best  results  are  obtained  if  collocation  grid  is  a  square.    Thus,  the  parameters 
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h  and  d  should  be  equal.    As  for  the  number  of  collocations  positions,  never  place 
them  more  than  a  1/  2  inch  apart.    It  is  preferable  that  the  spacing  between  posi- 
tions be  1/4  to  1/8  inches.    With  these  guide  lines  in  mind,  and  an  asphaltic- 
concrete  system  with  the  following  properties, 

E;l        -       130, 000  psi  a   =    .  5  inches 

D  -      .  5  P    =    10  lbs.  W  =  1  inch 

h  2  inches  E2  =    913  psi 

we  might  choose    d    equal  to    2  inches  and  the  number  of  collocating  positions  per 
side  equal  to  17.    The  system's  data  will  be  complete  when  we  specify  a  crack 
length  and  the  number  of  Williams'  stress  functions.    It  was  noted  that  the  optimal 
value  for  NOOFN,  the  number  of  Williams'  stress  functions,  varies  with  the  par- 
ticular system.     To  obtain  this  value,  a  simple  sensitivity  analysis  was  conducted. 

A  series  of  data,  all  with  different  values  of  NOOFN,  was  inputed  to  the  program 
(  a  sample  appears  in  the  "dummy  data"  section  of  the  end  of  the  program  listing). 

The  output  was  obtained  (an  example  appears  in  charts  A-a  and  A-b),  and  Figure  3 

was  plotted.     For  best  results,  the  optimal  value  of  NOOFN  occurs  when  the  curve 

crests.    This  would  imply  that  NOOFN  should  equal  30  for  this  example.     Since 

NOOFN  has  now  been  chosen,  we  can  now  run  an  additional  program  to  obtain  the 

stress  intensity  factor  for  any  crack  length. 

To  sum  up,  we  recommend  that  the  user  follow  a  two  stage  procedure  to 

determine  the  stress  intensity  factors: 

1)  Find  the  material  properties  for  the  particular  system.    Chose 
a  representative  value  for  a  crack  length.    Run  a  series  of  data 
with  different  values  for  NOOFN.     Develop  a  graph  similar  to 
Fig.  A-3.    Chose  the  value  of  NOOFN  where  the  curve  crests. 

2)  Run  an  additional  program  to  obtain  a  stress  intensity  factor 

for  any  crack  length. 
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Chart  A -a 


;*****************************************************  ****************  *********************** 

STRESS        INTENSITY       FACTOR       ANALYSIS 
CASE     :        /SSPHALTIC    CCNCRETE 

PARAMETERS 
PAVEMENT  : 

YCLNG  MODULUS   200000.0  POISSONlS  RATIO     0.5000 

THICKNESS  2.0  PAVEMENT  LENGTH       2.00 

CRACK  LENGTH      0.50CC  PAVEMENT  WIDTH         2.00 

FOUNCATION  : 

YCUNG  MODULUS       89.0  POISSONlS  RATIO     0.5000 

THICKNESS       SENI-INFINITE 


OTHERS 


LCAD  20. C  LOADED  AREA|S  LENGTH   0.5000 

NUMBER  OF  SOLUTIONS   61 


STRESS  INTENSITY  FACTER  Kl  =         0  .  5  13  1  14  1334D  02 


********************  *********************************************  ******  ********************* 
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*****  OUTPUT  CHtCK  CN  SCJLUTICN  FIT  *  * 


SU^MARY  CF  BOUNCARY  REUU IRE  PENT S 


ECUATIGNS 

1  TC 

EOUATIUNS 

6  TO 

EQUATIONS 

18  TO 

EOUATICNS 

35  TO 

EOUATICNS 

52  TO 

ECUATICNS 

68  TO 

ECUATICNS 

83  TO 

EOUATION 

ECUATION 

EOUATICN  NO. 

THEORET 

LOCATIONS  UNDER  LOAD 
REMAINING  LOCATIONS 


5  SIGMA  XXI  ON  TOP  BOUNDARY  — 

17  SIGMA  XXI  CN  TOP  BOUNDARY  — 

3*  SIGMA  XXI  CN  BOTTCM  BOUNOARY 

51  SIGMA  YY1  ON  SIDE  BOUNDARY 

67  SIGMA  XY1  ON  TOP  BOUNDARY 

82  SIGMA  XY1  ON  SIOE  BOUNDARY 

98  SIGMA  XY1  ON  BOTTCM  BOUNDARY 

95  SIGMA  XXI  ON  X  AXIS  AT  BOTTCM  BOUNDARY 

100  X  AXIS  DISPLACEMENT  ON  X  AXIS  AT  TOP  BOUNDARY 


51 
52 
53 
54 


62 
63 


92 

93 


. 1COOOCOOOOOOO0OOD  02 

.  UOOOOCOOCCOOOOOD  02 

. 100000COO00OOO0OO  02 

. lCCOCOCOOOOOOOOOD  02 

. 10000COCOOCCOOCOD  02 


-0.27(100317210252060  02 
-0.23625277558970560  02 
-0.202502379C7689C5D  02 
-0.16875198256407540  02 
-0. 1350015boC5126C3D  02 
-0.  1012511895384452D  02 
-0.6750079302563017D  01 
-0.33750396512815C8D  01 
0.0 

0.33750396512815C8D  01 
0.6750079302563017D  01 
0.1012511895384452D  02 
0. 135001586C512603D  02 
0.16875198256407640  02 
0.202502379C768905D  02 
0.236252)7558970560  02 
0.27000317210252060  02 
0.0 
0.0 
0.0 


71831 ei67767C250D  00 
13408605758317800    01 

.  1867627236194265D  01 
229861£136e544800    01 

,26338332818124250  01 
2873272671C681C0D  01 
30169363046215C50  01 
30648241824726400  01 
3016936304621505D    01 

.26732726710681C0D  01 
263383328  18124250  01 
22966181368544800  01 
IB6762723619'.265D  01 
1340860575831780D  01 
7  18318167767C250D    00 

,0 

,0 


CALCUATED    VALUE 

-0.93788965614256830    01 

-0.  10049315054067240    02 

-0. 1103263274620518D    02 

-0. 1032049013241715D    02 

-0.7C78629101603 7770    01 

-0.2701672225020780D    01 

0.36638031492210750    00 

0.91776986712619220    00 

-0.3  5  048384  393  34  3560-0  3 

-0.4766100135556772D    00 

0. 31414362 80787956D-01 

0.40574665645267420    00 

-0. 18 51 18071 739260 8D-01 

-0.22157570E67705C90    00 

0.23640669266114850    00 

-0.17285  751703639100-01 

0.1  11 684226 71 2 8959 D-01 

-0.7054229277371498D    00 

-0.5778C92793586218O    00 

-0.9430522595928623D    00 

-0.58223913647554750    00 

-0.59512529641508140    00 

-0.785346458822C8490    00 

-0.7963C57162087325D    00 

-0.78140407975830640    00 

-0.63613431740562U1D    00 

-0.45186497630937550    00 

-0.70426252603341450    00 

-0. 1193485461282769D    01 

-0.1014619111093135D    01 

-0.2425469912756134D    00 

-0.23758247831599230    00 

-0. 12003379397469770    01 

-0.49768  54639087  5510-03 

-0.27002275774902960    02 

-0.23615383384932100    02 

-0.20247914631378190    02 

-0. 16824211 75797299D    02 

-0. 1361C06 784650857D    02 

-0.1006289864649199D    02 

-0.66814900898706930    01 

-0.34880181002526460    01 

-0.28  8  50  84  7562  807  7  50-01 

0.34836303610144160    01 

0.6716659853902687D    01 

0.  10006196951407150    02 

0.1355839157777834D    02 

0.  16927568732529450    02 

0.20095973642)18480    02 

0.23675339085679370    02 

0.2657874149034601D    02 

-0.  U39239677881505D    00 

-0.7 5 4034 3 4 89682 8800- 01 

0.68  50  3188437962  3  00-01 

0.12606751522637130    00 

0. 1 24 7662 3 78 181 52 5D- 01 

-0.  1203152732667516D    00 

-0.72572 53 19 17785 700-01 

0. 10460529056257580    00 

0.  13602685584606110    00 

-0.6599515519338850O-01 

-0.15964926005458220    00 

0.1019165259722854O    00 

0.19384317ee7'=888CD    00 

-0.27050796000742140    00 

0.15578317621202580    00 

-0. 292851 1147547396D-01 

0.8109686758525640D    00 

0.  1295061525899655D    01 

0.19072164388275040    01 

0.2371307098345596D    01 

0.263777131802584  10    01 

0.28869984174468750    01 

0.30489727769733580    01 

0.3110888686905469D    01 

0.3C569440831 173050    01 

0.2 861 94  01 69646  82 00    01 

0.2652715822415385D    01 

0.23894964475490530    01 

0.  16551822890112640    01 

0.13152894715256340    01 

0.82758496840472520    00 

-0.3  83968  5126132  50  8D-01 

0.9  5  342609  2  8014500D-01 

0. 30816848659764400-01 

-0.692 3096972 55990CD-01 

-0.45892  71624138  3  390-01 

0.24790635228217710    00 

0.860615  34  723479900-01 

-0.2479527812555073D    00 

-0.5  7629  63  89  788  34100-01 

0.24345799238869310    00 

0.25654713588365920    00 

0.68  5  39090673980  900-01 

-0.15724168000464430    00 

-0.47359153350094040    00 

-0.20741308201298100    00 

0.1095221093124245D    01 

-0.  14226904469938630    01 

-0.1738510  2937  52  866D-01 


DIFFERENCE 

-0.62U034385743175D    00 

0.4931505406  72  43120-01 

0.1032632746205178D    01 

0.32049013241714850    OC 

-0.2921370898396224D    01 

0.2701672225020780D    01 

-0.3663B03149221075D    00 

-0.9177698671261922D    00 

0.3 50 48 384 393 343 560-03 

0. 47661001355987720    00 

-0.31414  3  62  8  07  87956  0-01 

-0.40574665645267420    00 

0.  185U80717392608D-01 

0.22157570867705090    00 

-0.23640669266U485D    00 

0. 1726  5  751703639100-01 

-0.11 1684226712 8959D-01 

0.7054229277371498D    00 

0.57780927935862180    00 

0.94305225999286230    00 

0.5822391364755475D    00 

0. 5951252964150814D    00 

0.7853464588220849D    00 

0. 7963057162087325D    00 

0.7814040797583064D    00 

0.63613431740562810    00 

0.4518649763093755D    00 

0.70426252603341450    00 

0.11934854612827890    01 

0.  1014619111093135D    01 

0.24254699127561340    00 

0.23758247831599230    00 

0.  1200337939746977D    01 

0.49768 546390875 5  ID- 03 

0. 19585646508915030-02 

-0.98941740384539390-02 

-0.2  3  232  7631065  38270-02 

-0. 50966498434550490-01 

0. 10990924138253800    00 

-0.62 220 307 3525 369 1D-0 I 

-0.685 892  12692 3 24000-$! 

0.1 12978448971 1374*  .$0 

0. 288  50  8  4  7562  607  750-01 

-0.1C85907097329082D  00 

0.33419448660329190-01 

0.11892200243737320  00 

-0.582  3  33  72652  309430-01 

-0.5237 047612 190792 D-01 

0.15426426537056410  00 

-0. 5006152670881646D-01 

0.21575  719906049780-01 

C.  U39239677881505D  00 

0.7  540  34  348968  26  800-01 

-0.68503  188437962300-01 

-0.1260675152263713D  00 

-0.12476623781815250-01 

0. 12031527326675160  00 

0.7  29  7  2  5319177  85  70D-01 

-0. 1046052905625758D  00 

-0.13602665584606110  00 

0.65999 155 193 38 8 50D-01 

0. 1596492600545822D  00 

-0. 1019165259722854D  00 

-0.19384317887988800  00 

0.2705079600074214D  00 

-0.15578317621202580  00 

0. 29285111475473960-01 

-0.926  5050  8085  5  39100-01 

0.4  5799053932124900-01 

-0. 395892026332  39390-01 

-0.7268896  149 111660D-01 

-0.39380  362134  162620-0  2 

-0. 13725746378775660-01 

-0.3203 6472 351 8 5292D-01 

-0.4606450443282871 D-01 

-0.4000  7  7  78495  799950-01 

0. 1133248142128007D-01 

-0. 1688254060695993D-01 

-0.908  78  3106945  73400-01 

0.  12444947183000820-01 

0.2557  11 06306 14539D-01 

-0.10926680063770020  00 

0.3  83  96851261325080-01 

-0.9  5342609280145000-01 

-0.3081 684865 976440D-0 I 

0.692  3096972  5  5  99000-01 

0.45 89 2 7 16 24 13 83 390-01 

-0.24790635228217710  00 

-0. 86061534723479900-01 

0.24795278125550730  00 

0.9762963  8978834100-01 

-0.2434579923886931D  00 

-0.2565471356836592D  00 

-0.6853  9090673980900-01 

0.15724168000464430  00 

0.47359153350094040  00 

0.20741308201298100  00 

-0.10952210931242450  01 

0. 1422690446993863D  01 


< 

O 


E-13 


COLLOCATION 


c* 

C**** TJ±lS_RRaG.RAM_C4LC.UJLAI£S  _UHJE_  1X1  •_  SXR  ES  S  _J_NT_EN _S  I _TY_  FA_CT_  E  R_ 

C****  DEFINED    BY: 

C*»** K-1     =    -(?*PTFnOO)*»(+.5)     *    SOL(l) 


C****  WHERE    SOL(l)     IS    WILLIAMS'     FIRST    SOLUTION    IN    HIS     'PHI' 

r*»*»  ^SJT  R_ES_S  _  FULiVC  T I  ON..    THE  _S.O.L.U.T_I.O.N!._J_S__0BJ_AJ  NED_FROM    AN  _ 

C****  OPTIMALIZATION    LEASE    SQUARES    PROCESS. 

£J 

C 

r.*»*»  ARRAY    MAMF    CONTAINS    TFST    DATA    DESCRIPTION 

C*#*#  CONW     IS    PAVEMENT'S    WIDTH 

C»»*«-  CONH    IS    PAVEMENT'S    THICKNESS 

C****  COND    IS    PAVEMENT'S    LENGTH 

r.#*** C  0  N  A— LS-.JJDAD-ED.-A  BJEAlSULEMGUbl 


C****  CI     IS    PAVEMENT'S    CRACK    LENGTH 

C***»  CONP    IS    PAVEMENT'S    LOAD  . 

C****  CONE     IS    PAVEMENT'S    YOUNG'S    MODULUS 

C****  CONEF    IS    FOUNDATION' S_  YOy„NGAS_MrjDULUS 

C****  CONV    IS    PAVEMENT'S    POSS  ION'S    RATIO 

r.»«««  MHOFM    TS    NUMBFR    OF  .JilLL  IAMSJ _ST_R£SS.   FUNCTIONS 

C****  OR    THE    NUMBER    OF     'DSUBI'    TERMS 

r.»*»»    MnnFXI  TS  mumrfr  of  boundary  stations  on  top  layer  UNDER  LOAD 

C****     NOOFXU  IS  NUMBER  OF  BOUNDARY  STATIONS  ON  TOP  LAYER  OUTSIDE  LOAD 

C**** NOOFXS  IS  NUMBER  OF  BOUNDARY  STATIONS  ON  SIDE  LAYER 

C##**  NOOFXB  IS  NUMBER  OF  BOUNDARY  STATIONS  ON  BOTTOM  LAYER 

r.**«*     PRTSCK  TS  I  OCTAL  CONSTANT  DETERMINING  WHETHER  AN  ACCURACY  CHECK 

C  IS  PERFORMED  ON  WILLIAMS'  SOLUTIONS  —  '.TRUE.'  INDICATES 

L A  CHECK  WILL  BE  MADE 

IMPLICIT  REAL-8  (A-H,0-Z) 
IQGTCAI.   PRISCK.ZEROCKtSOLUCK 


REAL*4    STAR (30 ), NAME (18  ),ROOFX 
JimEfclSJI)JN__JU_O.Q.05jOJL,XL^^^ 


*0)  tCOEF (0  100,061  ),C0EFCK(006100) , CALC ( 0100 ), CADD ( 0100 ) , CON (0100)  , 

*£ojvij^K_LoaaoJuJLP_nL(.oxaoj 


C**»*     MAKE  SURE  ALL  ARRAYS  ARE  DIM ENSIONED  CORRECT.  THE  FOLLOWING 
C  SHOULD  BE  ADHERED  TO  : 


c  array       dimensioned  area 

jc : 

c           x       noofxl  +  noofxu  +  noofxs  +  noofxb  -  2 
_c y noofxl  +  noofxu^-  noofxs  4-  noofxb  -  2 


C  R         NOOFXL  +  NOOFXU  +  NOOFXS  +  NOOFXB  -  2 

_C PH I NOOFXL  +  NOOFXU  +  NOOFXS  +  NOOFXB  -  2 

C  V9         4  *  ("  NOOFXL  +  NOOFXU  +  NOOFXS  +  NOOFXB  )  -  8 

_C SOL 2  *  NOOFM  +  1 

C  COEF       2  *  (  NOOFXL  +  NOOFXU  +  NOOFXS  +  NOOFXB  )  -  2 

C B_Y_  _2_  *    N 00 FM  +  1 _, 

C              COEFCK     2  *  7  NOOFXL  +  NOOFXU "+  NOOFXS  +  NOOFOB  )  -  4 
C TIMES   2  *  NOOFM  +  1     


C               CALC       2  *  (  NOOFXL  +  NOOFXU  +  NOOFXS  +  NOOFXB  )  -  2 

£ CAQ.D 2  *  (  NOOFXL  +  NOOFXU  +  NOOFXS  +  NOOFXB  )  -  2 

C              CON        2  ■*  (  NOOFXL  +  NOOFXU  +  NOOFXS  +  NOOFXB  )  -  2 

C_ COMCHK     2  *  (  NOOFXL  +  NOOFXU  +  NOOFXS  +  NOOFXB  )  -  2 

C               IP  IV       2  *  (  NOOFXL  +  NOOFXU  +  NOOFXS  +  NOOFXB  )  -  2 


£ 


E-I4r 


COMMON   PRIS,CONV, CONE, COR, CORR 
DATA   S TA  R/ 30 * ' * ***  '  / 


9000  READ(5,801,EN0=1001) 
801  FORMAT( 18A4) 


(NAME! I ) ,1=1, 18) 


ZEROCK  = 
SOLUCK  = 


.TRUE. 
.TRUE. 


READ  IN  CONSTANTS 


PRIS  =  1.0D-14 

800 

REAO( 5,800)    C0NH,C0ND,C1 »CONE ,CONEF ,CONV ,CONW 
FORMAT( 3D24.16) 

■   CON  I  =  C0NH**3/12.D0 

CONSTT  =  16.0D0*C0NE*C0NI/C0NEF 

CONK  =  1.  28800*C0NEF/ (CONSTT ** { . 108D0) ) 
CONBTA  =  1.50  8/ ( CONS TT**(. 2 77D0 ) ) 

802 


READ(  5,802)     NOOFM  ,  NOPFXU  ,NOOFXS  ,NOOF  XB  ,  P  R  I  SCK 
FORMAT ( 4I10,L10) 


NOOFS  =  N00FM*2  +  1 


CALCULATION  OF  LOAD  LENGTH  PARAMETERS 


READ( 5,2100)   NOOFXL ,CON A ,CONP 
2100  FORMAT!  110,2024.16) 


IF(Cl.EQ.O.O)   ZEROCK  =  .FALSE. 
IF(Cl.EO.O.O)   PRISCK  =  .FALSE. 

IF( (NOOFM+2 ) .GE. ( NOOFXL+NOOFXU+NOOFXS+NOOFXR ) ) 
IF( (NOOFM+2  ).GE.  (NOOFXL+NOOFXU+NOOFXS+NOOFXB ) ) 

PRISCK=. FALSE. 
SQLUCK=. FALSE. 

IF( (NOOFM+2) .GE. ( N00FXL+N00FXU+N00FXS+N00FX8 ) ) 
IF(Cl.EO.O.O)   GO  TO  80  00 

GO  TO  8000 

CONP  =  CONP/CON1-' 
ROOFX  =  NOOFXL  -  1 

C 

DELXL  =  CONA/ROOFX 

C 

c 

GENERATION  OF  X  £  Y 

NOOFTO 
NOOFXT 


NOOFXL  +  1 
NOOFXL  +  NOOFXL) 


NOOFTl 
NOOFTS 

_ 

NOOFXT 
NOOFXT 

+ 

1 

NOOFXS  - 

1 

M00FT2 
NOOFTX 

_ 

NOOFTS 

NOOFTS 

+ 
+ 

1 

NOOFXB  - 

1 

NOOFXX 

N00FY1 

~ 

NOOFXT 
NOOFXX 

+ 
+ 

NOOFXB 
1 

MOOFYY 
N00FB1 

: 

NOOFXX 
NOOFYY 

+ 
+ 

MOOFXS 
1 

NOOFCl 
N00FD1 

_ 

NOOFYY 
NOOFCl 

+ 

+ 

NOOFXT  - 
1 

1 

N00FF1 
NOOFGl 

_ 

NOOFCl 
N00FF1 

+ 
+ 

NOOFXS  - 
1 

2 

NOOFXY 

N00FS5 

= 

NOOFYY 
NOOFXY 

+ 

+ 

NOOFTX  - 
1 

2 

M00FU5 

MOOFR  = 

NOOFXY 
M00FU5 

+ 

2 

DELXU  =  (COND  -  CON A) /NOPFXU 
DFLXS  =  CONH/(NnOFXS  -  1) 


DELXB  =  COND/ (NOOFXB 
Y( 1)  =  0. 


1) 


X(  1)  = 

DO  803 


OMH  -  CI 
=  2, NOOFXL 


803 


Y(  I)  = 

X(  I)  = 


(I-  1) 
(1-1) 


+  DELXL 


E^Kr 


Y(NOOFXL )  =  CON A 

DO  863  I=NOOFTO,NOOFXT 

863 

Y(  I)  =  Y(I-  1)  +  DELXU 
X(  I)  =  X(  1-1) 

XtNPOFXT )  =  CONH  -  CI 
Y(NOOFXT)  =  COND 

DO  804  I=NOOFTl»NOOFTS 
Y(  I)  =  Y(  1-1  ) 

804 

X(  I)  =  X(  I-  1)  -  DFLXS 
Y(NOOFTS)  =  COND 

XCNOOFTS )  =  -  CI 

DO  805  I=N00FT2»N00FTX 

805 

Y(  I)  =  Yd-  1)  -  DELXB 
X(I)  =  X(I-l) 

C 

Y(NOOFTX)  =  0. 

C 
C 

ZEROING  BLANK  COEFFICIENTS 

DO  22  I=1,N00FR 
CON(I)  =0. 

22 

DO  22  J=1,N00FS 
COEF( I ,J )  =  n. 

CALCULATION  OF  POLOR   COORDINATES 


DO  5  1=1,  NOOFTX 

R (  I )  =  DSORT ( X ( I  ) **2  +  Y ( I ) **2 ) 

5  PHK  I)  =  DATAN2(Y(  I  )  ,X(  I  )  ) 

C 
C 

•CALCULATION  OF   SIGMA  XXI  COEFFICIENTS 

C 

DO  15  I=1,N00FXX 

K  =  I 

N  =  I 

IF(  I 
IF(  I 


GT 

EO 


.NOOFXT) 
.NOOFXX) 


N  =  I  +  MOOFXS 
K  =  N00FS5 


-  2 


IF(  I  .LE.NOOFXL  )  CON(K)  =  -CONP/ ( 2 . 0D0*C0NA ) 
0=1.  DO 


DO  15  J=1,N00FM 

IF( J-( J/2*2 ) )  80  ,  80  ,81 


80 


C0R=1 
GO  TO 


0 
01 


81 
201 


COR=- 
CORR= 


■1. 

-C 


DO 
OR 


ESIN= 
ECOS= 


DS 
DC 


I M  (  P  H 
OS  (PH 


I  ( N  ) 
I  ( N  ) 


IF(  DA 
IF(  DA 


BS 
BS 


SIN)  . 
COS  ). 


LT.P 
LT.P 


RIS 
RIS 


ESIN=0. 
ECOS=0. 


CALL  STRES1  ( 0  ,  PH I { N  )  ,01 ,02 ,D3 ,04 , D5 ,R ( N ) ) 
C0EF(K,2*J-1)  =    01*ESIN*ESIM   +  D2*EC0S*ECPS/R  (  N ) 


+  D3*2.D0*ESIN 


!*ECQS/R(N)   +D5*ECOS*ECOS/R(N)**2   -   D4*2.  DO*ECOS*ES  IN/R  (  N  )  **2 
CALL  STRES2  ( P , PHI  (N ) , Dl , D2  ,D3  ,04 ,D5 , R ( N )  ) 


COEF( 
:*ECOS 


/R 


2* 

(^ 


j)   = 

)       +D 


5*  EC 


D1*ESIN*ESIN      +D2::'E-C0S-EC0S/R(N)       +    D3*2.D0*ESIN 
OS*ECOS/R(N  )**2      -       D4*2.00*EC0S*ESIN/R(N)':**2 


15    0=0+1.00 


CALCULATION    OF    SIGMA    YY1    COEFICIENTS 


DO    17     I=MOOFY1 ,NOOFYY 
N    =     I    -    NOOFXB    -    1 


EE=DEXP (CONBTA*Y(N) ) 
9788    ECOS=       DCOS  (CONBTA'i'Y(N)  ) 


E-ir 


ES IN=       DSIN(CONBTA*Y(N)  )  ' 
IF(OABS(ECOS).LT.PRIS)        FCOS=0. 


IF( DABS (ES IN  )  .LT.PRIS  )       PS IN  =  0. 
CONM=CONP*(EC0S-ES IN )/ ( EE*4.D0*C0NBTA) 


11    CON( I)=-CONM*(X 
0=1.  DO 


V!  )-C0ND/2.D0+Cl)/C0NI 


DO    17    J=1,N00FM 

IF( J-( J/2*2 ) )    84 , 84 , 85 


84 


C0R=1.D0 

GO    TO    203 


85    C0R=-1.D0 
203    CORR=-COR 


ESIN=       DSIN(PHHN)) 
ECOS=       DCOS(PHKN)) 


IF( DABS (ES IN  )  .LT.PRIS  )        ES IN  =  0. 
IF(DABS(ECOS ). LT.PRIS)        ECOS=0. 


CALL    STRES1     ( 0,PH I (N ) ,D1 ,02 ,D3 ,D4  ,D5  ,R (N  )  ) 

COEF( I ,2*J-1)    =         D1*EC0S*EC0S       +D2*ESIN*ESI-N/R  ( N ) 


-2.D0*D3*ESIN* 


*ECOS/R(N)   +  2.D0*D4*EC0S*ESIN/R(N)**2   + 
CALL  STRES2  ( 0,PHI (N ) , Dl , D2 ,D3 ,D4,D5 , R ( H ) ) 


D5*ESIN*ESIN/R(N)**2 


C0EF(I,2*J)    =  D1*EC0S*EC0S       +D2*ES IN*ES IN/R ( N )       -2  .D0*D3*ESIN* 

*ECOS/R(N)       +    2.00*D4*EC0S*ESIN/R (N)**2       +       D5*ES  I  N'»ES  IN'/R  (  N  )  **2 
17    0=0+1.00 


CALCULATION  OF  SIGN'A  XY1   C'OEFFICIEf 


DO  16  I=N00FB1,N00FXY 
M  =  I  —  NOOFYY  +1 


TF 


9789 


EC 
IF 


(N. 

zP_E 
0S= 
(  DA 


LE.NOOFXT  .OR. 
XP (C0N8TA*Y (N ) ) 


.GE.MOOFTS)  GO  TO  550 


DCOS(CONBTA*Y(N) ) 

BS (ECOS ) .LT.PRIS )   ECOS=0. 


C0NQ=C0NP*EC0S/(EE*2.D0 ) 

COM( I)=6.D0*C0NQ/C0ND**3*(C1*C0ND+X (N )*C0ND-2.D0*X ( N) *C1-C1**2-X ( 


12 


550 

M**2) 

0  =  1 .DO 

DO  16  J=1,N00FM 

IF(J-( J/2-2 ))  82,82,83 

82 

C0R=1.D0 

GO  TO  202 

83 
202 

COR=-1.DO 

CORR=-COR 

FCOS=   DCOS (2.D0*PHI  (N) ) 
ESIN=   DSIN(PHKN)) 

ECOS=   DCOS (PHI (N)) 

IF ( DABS ( ES IN ). LT.PRIS)   ESIN=0. 

IF  (  DA  BS  (FC  OS.)  .LT.PRIS)   FCOS  =  0. 
IFtDABS (ECOS ). LT.PRIS)   ECOS=0. 

CA 

CO 


LL 
EF( 


CA 


2 
LL 


STRES 

I  ,2* J 

+  D2* 

STRES 


1  (0,PHI (N) ,D1,D2,D3,D4,D5,R(N)  ) 

-1)  =   -0  1*EC0S*ESIN    -D3*FC0S/R(N) 
ECOS  *FS  I N? R  ( N  )  "  +04 * FC 0 S / R  (  N  )  **  2 

2  ( O  ,  P  H  I  ( N )  , 01 , 02  ,  03 , 04 , 05 , R ( N  )  ) 


+D5*EC0S*ESIN/R(N) 


■n5*EC0S*ESI'V/R(M) 


C0EF(I,2*J)    =  -01* 

:**2         +D2*EC0S*ESIN/R 


ECOS*ES IN         -D3*FC0S/R ( N ) 
(N)        +D4-FC0S/R (N)**2 


16    0=0+1.  DO 


CALCULATION    OF-   II    AND    \/    DISPLACEMENT    COEFFICIENTS 


DO    18    I=NOOFXT,NOOFXX 

K    =     I    +     1 


N    =     I    +    NOOFXS    -    1 

I F ( K.LE. N POF  XX )       COEF(K,NQPF S )     =    -CONK 


IF(  I.EQ.NOO.FXX) 
IF(  I.EO.NOOFXX) 


N  =  1 

C  OEF(N 0  OFU5, NOOFS)  = 


l.ODO 


0=1.  DO 

00  13  J=1,N00FM 


IF( J-( J/2*2) ) 

86  C0R=1.D0 


86,86,87 


GO  TO  204 
87  C0R=-1.00 


204  C0RR=-C0R 

ESIM=   OS  IN (PHI (N)) 


ECOS=   OCOS(PHI(M)) 
IF(DA8S(ESIN).LT.PRIS) 


ESIN=0. 


IF( DA8S(EC0S ) .LT.PRIS )   ECOS=0. 
CALL  DISPL1 (Q,PHI (N ) , 01 ,02 ,R (N ) ) 


I F  (  K  . 
IN)*C 


LE.NOOFX: 

ONK 


)   C0EF(K,2*J-1 )  =  C0EF(K,2*J-1)  -  (  D1*EC0S 


D2*ES 


19 


IF( I.EO.NOOFXX)   COEF(NOOFU5»2*J-l ) 
CALL  DISPL2 (0,PHI (N),D1,D2,R  (N)  ) 


=  01*EC0S 


D2*ESIN 


IF(K 

*CONK 


LE.NOOFXX)   C0FF(K,2*J)  =  C0EF(K,2*J)  -  (  D1*EC0S  -  D2*ESIN)* 


18 


IF(  I. 

0=  0+  1 


EO.MPOFXX ) 
.00 


COEF(NOOFU5,2*J)  =  D1*EC0S  -  D2*ESIM 


JUGGLING  COEFFICIENTS  AND  SOLVING  FOR  SOLUTIONS 


00828  I=].,NOOFR 


TEMP  =  COEF( I ,NOOFS) 
0091 74  II=2»N00FS 


III  =  NOOFS  +  1  -  II 
'174  C0EF(I,II1  +  1)  =  C0EF(I,II1) 


828 


COEF( 1,1)  =  TEMP 

CALL  ARRAY1 ( NPOF XY , NOOFS , N00FU5 , NOOF S, CO EFCK , COEF ) 


9614 


DO  961^  I=1,N00FXY 
CONCHK( I )  =  CON( I ) 


CALL  DLLSO(CDEFCK,CONCHK  ,NOHFXY  ,N0OFS, 1 , SOL , I P  I V , 1  .  F-7 2  ,  I  ER , V9 
SEFK1  =-2  .506628274631D0*S0L (2) 


conp  =   comp*conw 


OUTPUT 


!Ono   WR 
810    FO 


ITE(6,810 
RHAT( 1H1/ 


) 

1H1 


STAR( 
7       30 


I), 1=1 

A4) 


,30) 


WR  I T  E ( 6 , 873  )  ( NAM E ( I  )  ,  I  =  1 ,  1 8  ) 

873    FORMAT!  //30X,'     STRESS       I 


NTENSITY       FACTOR       a    N 


=  A 
WR 


L  Y  S  I 
ITE(6,871 


S'// 

)  CON 


20X,  'CASE  :  '  , 18A4) 
F,C0MV,C0NH,C0ND,C1,C0NW,C0MEF,C0NP,C0NA,N00FS 


PARAMETERS  '   // 25X  ,' PAVEMENT  :•   //30X,  'YniJi-'G  MODU 
POISSON[s  RATIO1 ,F10.4  /  30X, 'THICKNFSS ' ,4X,F10.1, 


871  FO 
*LU 


RMAT(   // 
S'  tFlO.l  , 


56X,  ' 
20X,  • 


#20 
*VE 


X,'  PAVEME 
MENT  WIDT 


NT  LFMGTH • ,F10.2   /  30X, 'CRACK  LENGTH ' , IX , F 10 .4, 20X , • PA 
H'tlX  ,  F 10.2   //  25X,  'FOUNDATION  :'    //   BOX, 'YOUNG  MOD 


*UL 

*6X 


US'   ,F10 
,'  SEMI- IN 


.1  ,20 

FIN  IT 


X,  'POISSON IS' RATIO     0.5000'   /  BOX , • TH  ICKNESS '  , 
E'   //   25X,  'OTHERS  :'   //   30X ,  •  LOAD  •  , 09X  ,  F10  . 1  , 


*20 

IF 


X,' LOADED 
(SOLUCK ) 


AREAIS  LENGTH',F8.4   7   30X,» NUMBER  OF  SOLUT  I  HI  TS  ' , I  4  ) 
GO  TO  6718 


719 


WR 
FO 


ITE(6,671 
RMAT( // 


9) 
15X 


IMPUTED  VARIABLES  DO  MOT  SATISFY  EOUATIO 


*N  (4)  IN  TEXT  —  EXECTIOM  HAS  TERMINATED 
718  IF(ZEROCK)   GO  TO  879 


) 


WRITE (6, 876) 

FORMAT! //   15X,'*  *  *  *  *  THEORY  IS  NOT  VALID  FOR  SPECIFIED  CRACK 


876 


*LE 
GO 


NGTH   — 
TO  877 


EXECUTION  WAS  TERMINATED 
E^IB 


) 


879 

IF(  IER.EQ.0)G0    TO    878 
WRIT  EC 6, 90) 

90 

FORMAT ( ///01X '*    *    *    *    *    SOLUTION    PROCEDURE     INDICATES    MATRIX    SEVERE 
:LY    ILL-CONDITIONED    OR    RANK    LESS    THAN    NUMBER    OF    COLUMNS    *    #    *    *    *•) 

878 
299 

WRITE (6, 299)        SEFK1 

FORMAT!        ///       20X,  'STRESS     INTENSITY    FACTER    Kl    = ',024.10) 

877 

WRITE (6, 811)           (STAR( I) ,1=1,30) 
IF(PRISCK  )    GO    TO    293 

293 

GO    TO    °000 

WRITE (6, 8 107)        (STAR( I ) ,1=1 ,30) 

8107 


FORMAT 
DO  32 


1H1//   30A4) 
1=1,  NOOFR 


CALC(  I)  =  0. 

IF(  I. EQ. NOOFR)   CALC(I)  =  SOLO.) 


32 


DO  32   J=2,  MOQFS 
CALC(I)=  CALC(I)  • 


SOL (J )*COEF (I, J 


DO  5268  1=1,  N00FS5 
5268  CADD(I)  =  CON (I)  -  CALC(I) 


296 


WRITE (6,296)  NOOFXL , NOOFTO ,NOOFXT ,N00FT1 , NOOFXX , N00FY1 ,NOOFYY , 

*N00FB1  ,N00FC1  ,MQ0FD1  ,N0QFF1  ,N00FG1,  NOOFX  Y  ,  NOP  FS5  ,  N0QFU5 

FORMAT!   ///   35X  , ' *  *  *  *  *  OUTPUT  CHECK  ON  SOLUTION  FIT  #  #  *  * 
*• ///   43X  'SUMMARY  OF  BOUNDARY  REQUIREMENTS'   //   30X,'E0UATI 


:-OMS    1  TO ',14,'  SIGMA  XXI  ON  TOP  BOUNDA 
:<'  /30X  ,  »  E  OUAT  1 0  NS  '  ,  1 4  ,  '  TO'  »  14,  '  S  I G  M  A 


RY  —  LOCATIONS  UNDER  LOAD 
XXI  ON  TOP  BOUNDARY  —  REM 


AIMING  LOCATIONS' 


TO' 


,14 


14, ' 
'  SIG 


SIGMA. 
MA 


XXI 


/ 

ON 


BOX, 
BOTTOM 


» EQUATIONS 
BOUNDARY ' 


14 


/30X, ' EQUATIONS' , 14, 


YY1  ON  SIDE  BOUNDARY '/30X, 'EQUATIONS' ,14, '  TO ',14,'  S 
IGMA  XY1  ON  TOP  BOUNDARY'  /30X ,' EQUATION: 


ON  SIDE  BOUNDARY ' /30X ,  ' EQUAT IONS '  ,  14  ,  ' 
TOM  BOUNDARY'  /  30X,  » EQUAT ION ', 8X , 14 , 


TO ',14,  '  SIGMA  XY1  ON  BOT 
SIGMA  XXI  ON  X  AXIS  AT  BO 


TTOM  BOUNDARY' 
:=ENT  ON  X  AXIS  AT  TOP 


/3  0X,  'EQUATION • ,8X, 14, • 
BOUNDARY'   ) 


AXIS  DISPLACE'*' 


WRITE (6,297) 
297  FORMAT(  //  14X ,  ' EQUAT I  ON  NO . ' , 13X , ' THEOR ETI CAL  VALU E '  , 1 2X , ' CALCUAT 
*EQ  VALUE' ,15X, 'DIFFERENCE'   ) 
WRITE (6, 2 91)   (I ,COW( I ) ,CALC (I ),CADD (I ) , I =1, N00FS5 ) 


291  FORMAT( 17X , I  3 , 10X , 302 8  .  16  ) 

WRITE(6,8261 )    N0PFU5,CALC (N00FU5 ) 


8261    FORMAT(  17X  ,  13  ,20X  ,  'UNKNOWN • , 11X ,028.  16  ) 
WRITE(6,8U  )  (STAR(  I  )  ,1=1  ,30) 


811 


FORMAT ( 
GO    TO    9 


/// 

000 


?0A4) 


1001 


STOP 

END 


SUB  ROUT 
IMPLICI 


INE    ST 
T    REAL 


RES 
*8 


(  >\ 


(S,PHEE,02PDR2,DPDR,D2PDRP,DPDP,D2PDP2,RR  ) 
-H,0-Z) 


COMMON 
ECOS  = 


PR  IS, 
DC  OS  (  ( 


VI, 
S-l 


,co 

DO) 


COR 
HEE 


FCOS= 
ESIN= 


DCOS( ( 
DS  IN( ( 


FSIN= 
IF(DABS 


DSIN(  ( 
(ESIN) 


S+Q 
S-l 
S+n 
.LT 


DO) 
DOJ 
DO) 
RIS 


*p 

*p 
•.;-.d 


) 


) 


HFE 
HEF 
HFE) 
ESIN=0. 


IF( DABS 
IF (DABS 


(  EC  OS  ) 
(FCOS) 


.LT 
.LT 


RIS 
RIS 


EC 
FC 


OS  =  0. 
0S  =  0. 


IF( DABS 
D2PDR2= 
=*RR**(S 

DPDR=D2 


(FSIN) 
(       -EC 

-l.5on" 

PDR2-R 


.LT.PRIS)        FSIN=0. 

OS     +(  (2.D0*S-3.D0)  /(  2. DO5 


S+l.  00 ) )*FCOS)*    ( S**2-.25D0 ) 


) * ( + 1 .00 ) ** ( S- 1 . DO ) *CORR 
R/(S-.5D0)  


D2PDRP= 
*(+l.DO) 


( (S-l. 
**(S-1 


5D0 
.DO 


ESI 
COR 


- ( S- 1 . 500 ) *F  S I N ) * ( S+ . 5  DO ) *RR** ( S- . 5 DO ) * 


DPDP=D2 
D2PDP2= 


PDRP*R 
(  (S- 


R/( 
1.5 


SH- 
OO 


.50 


0) 
2* 


EC  OS          -( S-1.5D0)*( S+.5DO)*FCOS)*RR»*(S+.5 
E=I9 


:D0  )  *  ( +  1  .  DO  )  **  (  S- 1  .  HO  )  *C  P  R  R 

RETURN 


END 
SUB  ROUT 


INE    STRES2     (S>PHEE,D2PDR2,DPDR , D2PORP , OPDP , D2PDP2 t RR  ) 


IMPLICIT    REAL*8    (A-H,0-Z) 
C  0  M  M  0  N       P  R  I S  » V 1 1  E 1 » C  0  R  » C  0  R  R 


FSIN= 
ECOS= 
E~S  I  i\'= 
FCOS= 


IF(  DABS 
IF( DABS 


IF( DABS 
IF( DABS 


D2PDR2= 

DPDR=D2 


DS 
DC 
DS 
DC 
~(E~ 

IE 
(F 
J_F 

PD 


IN{ (S+l.DO)*PHEE) 
OS  (  (S-l .DO )*PHEE) 


IN( (S-l.DO)*PHEE) 
OS  (  (S+l .DO )*PHEE ) 


SIN)  .LT.  PR-IS)        ESIN=0. 
COS  )  .  L T_. P  RJ S  )_    E COS  =  0 . 

sin)7lt."pris")  " FSIN=0. 

COS) .LT.PRIS)        FCQS=Q. 

(-EC OS 
R2*RR/S 


+  FCOS ) *  ( S *S  +  S ) -RR  ** ( S- 1 . DO ) * ( + 1 . DO ) *#S*COR 


D2PDRP= 

:*cor 


DPDP=D2 
D2PDP2= 


( ( S- 1 .DO ) * ES I N  -  (  S  + 1 . DO ) *F S I N ) * ( S  +  l . DO ) *RR**S* ( +1 . DO ) **| 

PDRP*RR/ (S+l. DO) 

( ( S- 1 . no ) **2 *ECOS   - ( S+ 1 . DO ) **2*FCOS ) * RR#* ( S  +  l . DO ) * ( +1 .  DO 


:)*#S*CO 

RETURN 


R 


END 
SU8ROUT 


IMPLICI 

COMMON 


INE  D 

T  REA 
PRIS 


IS_PL 

L*8 

tVl, 


1(S»P 
(A-H, 

El,  CO 


HEEtUtVyRR) 

0- 
R 


-Z) 

,COR 


R 


ECOS= 
FCQS= 
FS  I  N= 
ESIN= 


IF( DABS 
IF (DABS 


IF( DABS 
IF( DABS 


DCOS  ( 
DCQSJ. 

DSIN(" 
DS  IM( 
(  ES  I N 
(FSIN 
(ECOS 
(FCOS 


(S-l 

(s+o 

(S+0 
(S-l 


.500) 
.5D0)j 


:PHEE 
:PHEE 


.5D0) 
.5D0): 


:PHEE 
•PHEE 


)  .LT 
).LT 


.PRIS 
.PRIS 


ES 
FS 


IN  =  0. 

IN  =  0. 


)  .LT 
).LT 


.PRIS 
.PRIS 


pC 
FC 


0S  =  0. 
0S  =  0. 


V=   (  (  2 
^*S*RR*! 
U= 


5D0  + 
(S-. 


S-4. 

5  DO) 


DO*  VI 
*COR 


)*ESIN  -  (S-1.5D0)*FSIN)*(1.D0+V1)/E1*(+1.D0) 


(  (3 
RR*' 


5D0- 
(S-. 


S-4. 
5D0) 


DO*V 1 ) *ECOS  +  ( S- 1 . 5  DO ) *FCOS ) * ( 1 . D0+V1 ) /E 1* ( +1 . DO ) 
*COR 


RETURN 
END 


SUB  ROUT 
IMPL  IC  I 


INE    DI 
T    REAL 


SP 


L2( 

(A 


S,PH 
-H,0 


EE,U»V,RR) 
-Z) 


COMMON 
FSIN= 


PRIS, 
DS  IN(.( 


VI 

s  + 


»E1 
1  .0 


,COR 
0  )*P 


,COR 
HEE) 


R 


FCOS= 
ESIN= 


DCOS( ( 
DS  IN(  ( 


S  + 
S- 


l.D 
l.D 


0)*P 
0  )*P 


HEE) 
HEE) 


ECOS  = 
IF(DABS 


DCOS ( ( 
(ESIN) 


S- 
.  L 


l.D 

T.P 


0  )  *P 

RIS  ) 


HEE) 


IN  =  0. 


IF( DABS 
IF( DABS 


(ECOS  ) 
(FCOS) 


T.P 
T.D 


RIS) 
RIS  ) 


EC 
FC 


0S  =  0. 
0S  =  0. 


IF( DABS (FSIN) .LT.PRIS)        FSIN=0. 
V=       (-(3.D0+S-4.D0*V1)*ESIN    + 

1 

( S+1.D0)*FSIN); 

«(1.Q0+V1)/E1> 

'(+1.D0) 

***S*RR**S*COR 
U=       (+(3.D0-S-4.D0*V1 }*ECOS    + 

( S+1.D0)*FC0S); 

=  (1.D0+V1)/E1  = 

M  +  l.DO] 

*** ( S+ 1 .DO) *RR**S*CORR 

RETURN 

END 

SUB  ROUT INE    ARRAY! ( I , J ,N ,M »S »D ) 

REAL -8    S,0 
DIMENSION       S(1)»D(1) 

NI    = 
IJ    = 


-    I 


E^ZU" 


NM    =    0 

DO    130    K=1,J 

DO    12  5    L=ltl 

IJ    =     IJ    +     1 

125 

N;v!    =     MM    +     1 
S(  IJ)     =    D (NM) 

130 

NM    =     NM    +    NI 
RETURN 

END 

SUBROUTINE    DLLSQ (A ,B fM fN » L ,X , I P IV ,EPS , IER , AUX ) 

DIMENSION    A(1),B(1),X(1),IPIV(1) ,  AUX(  1) 
DOUBLE    PRECISION    A , B ,X  ,AUX  ,  P  IV  ,H , SIG , BETA, TOL 

1 

•PIV=O.DO 
IEND=0 

DO    4    K=1,N 
IPIV(K)=K 

H=O.DO 
1ST-  IEND+1 

IEND=  IEND+M 

DO    2     1=  1ST,  I  END 

2 

H=  H+  A  (  I )  *A  (  I  ) 
AUX(K)=H 

3 

IF(H-PIV)4y4,3 
P  I  V=  H 

4 

KPIV=K 

CONTINUE 

5 

SIG=DSQRT(PIV) 
TOL=SIG*ABS (EPS ) 

LM=L*M 
IST=-M 

DO    21    K=1»N 
I S  T=  I S  T+  M+ 1 

IEND=  IST+M-K 
I=KPIV-K 

6 

I  F  (  I )  8  ,  8  ,  6 
H=AUX(K) 

AUX(K)=AUX(KPIV1 
AUX(KPIV)=H 

ID=  I*Ni 

DO    7     1=  1ST,  I  END 

J=  1+  I  D  . 
H=  A  (  I ) 

7 

A  (  I )  =  A  (  J  ) 
A( J)=H 

3 
9 

IF(K-l) 11,11,9 
SIG=O.DO 

10 

DO    10    I=IST»IEND 
SIG=SIG+A (I )*A(I  ) 

SIG=DSORT(SIG) 
IF(SIG-TOL  )32  ,32  ,11 

11 

H=  A  {  I S  T ) 

IF (H) 12,13,13 

12 
13 

SIG=-SIG 
IPIV(KPIV  )=  IPIV(K) 

IPIV(K)=KPIV 

BETA=H+SIG 

A(  IST)  =  BETA 
BETA=1.D0/(SIG*RETA) 

J=  N+  K 

AUX( J)=-SIG 

IF 
14    PI 


(K- 
V=0 


M ) 14,19,19 
.00 


E=2T 


10=0     . 
J  S  T=  K+  1 

KPIV= JST 

DO    18    J=JST,N 

I D=  I  D+ M 
H=  0 .  DO 

DO    15     1=  1ST, I  END 
1 1=  1+  ID 

15 

H=  H+  A  (  I )  *A  (II) 
H=8ETA*H 

DO    16    I=IST,IEND 
11=  1+  ID 


16    A(  II)  =  A(  II  )-A{ I  J*H 
11=  IST+  ID 


AUX( J) -A ( 1 1 ) *A { 1 1 ) 

X( J)=H 


17    P 


F(H-PIV >18f 18,17 

IV=H 


K 
18    C 


IV=  J 
NTINUE 


19    DO    21    J=K»LMfM 
H=O.DO 


ND=  J+M-K 
=  IST 


DO    20    1= J, I  END 
H=  H+  A  (  I 1  )  *R  ( I  ) 


20    I 


=  11+1 

BETA*H 


11=  1ST 

DO    21     I=J,IEND 


B(  I)  =  B( I )-A ( II  )*H 
21     11=11+1        


IER=0 
I  =  N 

LN=L*N 
PIV=1.D0/AUX(2*N) 

DO    22    K=N,LN,N 
X(K)=PIV*B(I ) 

22 

1=  I+M 

IF(N-l) 26,26,23 

23 

JST= (N-l )*M+M 
DO    2  5    J=2  ,M 

JST= JST-M-1 
K=N+I\!+  1-J 

PIV= l.DO/AUX(K  ) 
KST=K-N 

10= IPIV(KST)-KST 
IST=2-J 

DO    2  5    K=1,L 
H=B(KST) 

IST=  IST+N 
IENQ=  IST+ J-2 

I  1=  JST                                l 
DO    24    1=  1ST, -I  END 

24 

11=  I  I+M 

H= H-A (II) *X ( I ) 

1=  IST-1 
11= 1+  ID 

X  (  I )  =  X  (  I  I  ) 
X  (  I  I  )  =  P  I V  =:=H 

25  K 

26  I 


T=KST+M 
T=  N+  1 


B^22" 


I  EN 0=0 

DO    29    J=l ,L 


IEND=  IEMD+M 
H=0.00 


V 


27 


IF(M-N) 29,29,27 

DO    2  8    1= 1ST, I  END 


2  8    H=H+B(  I)  *B  (  I  ) 
I  S  T=  I S  T+  M 


29 


:  (  J ) 
'URN 


H 


32     IER=K-1 
RETURN 


E  N  0 


DUMMY    DATA 


ASPHALT IC    CONCRETE 
2.00000 


2.00000 


.500000 


200000.000 
2.000 


89.0200 


.500000 


30 

5 


12 


17 


.50000 


17       .TRUE. 
20.000 
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APPENDIX  F 
Finite  Element  Program  for 

Beam  on  Elastic  Analysis 
INPUT  INSTRUCTION  FOR  2-DIMENSIONAL 
FINITE  ELEMENT  PROGRAM 

Card 

Type  (FORMAT) 

1.  BEGIN  (A6) 

A  card  of  this  type  must  preceed  each  problem  set. 

2.  JOB  TITLE  (18A4) 

This  title  is  printed  as  a  description  or  identification  of  the  problem. 

3.  CONTROL  INFORMATION  (415,  3F10.2) 

Columns 

1-5  Number  of  nodal  points 

6-10  Number  of  elements 

11-15  Number  of  different  materials 

16  -  20  Number  of  boundary  pressure  cards 

21-30  Acceleration  in  X-direction 

31  -  40  Acceleration  in  Y-direction 

41  -  50  Reference  temperature 

4.  STRESS  INTENSITY  FACTOR  INFORMATION  (8F10.0) 

Columns 

1-10  X  coordinate  of  crack  tip 

11-20  Y  coordinate  of  crack  tip 

21-30  Radius  around  crack  tip  for  calculation  of  stress  intensity  factors 

31  -  40  Concentrated  load  in  pounds 

41  -  50  Top  layer  thickness 

51-60  Bottom  layer  thickness 

61-70  Temperature  at  top 

71-80  Temperature  at  bottom 

5.  MATERIAL  PROPERTIES 

One  set  of  material  property  cards  for  each  material.    In  each  set: 

(a)    First  card  (215,  F10.0) 
Columns 

1-5  Material  identification  number 

6-10  Number  of  temperature  cards  (8  max.) 

11-20  Mass  density  of  the  material 

F-l 


(b)    Subsequent  cards  -  one  for  each  temperature  (4F10.3) 
Columns 

1-10  Temperature 

11-20  Elastic  modulus 

21-30  Poisson's  Ratio 

31  -  40  Coefficients  of  thermal  expansion 

6.     NODAL  POINT  INFORMATION  (15,   F5.0,  5 F  10.0) 

One  card  for  each  nodal  point. 
Columns 

1-5  Nodal  point  number 

6-10  Nodal  point  type  -  see  following  explanation 

11-20  X  -  ordinate 

21-30  Y  -  ordinate 

31-40  XR 

41  -  50  XZ 

51-60  Temperature 

N.P.  Types: 

0.  XR  is  specified  X  load  and  XZ  is  specified  Y  load. 

1.  XR  is  specified  X  displacement  and  XZ  is  specified  Y  load. 

2.  XR  is  specified  X  load  and  XZ  is  specified  Y  displacement. 

3.  XR  is  specified  X  displacement  and  XZ  is  specified  Y  displacement. 

7  .     ELEMENT  INFORMATION  (615) 

One  card  for  each  element. 
Columns 

1-5  Number  of  element 

6-10  Nodal  point  I 

11-15  Nodal  point  J 

16  -  20  Nodal  point  K 

21-25  Nodal  point  L 

26  -  30  Material  type 

The  nodal  points  are  the  corners  of  each  element  and  numbered  in  a  counter- 
clockwise order  for  a  right-handed  coordinate  system.  Triangular  elements 
also  have  four  nodal  points  with  the  last  two  sets  equal  (K  =  L) . 

8.     BOUNDARY  PRESSURE  (215,  2 F  10.0) 

One  card  for  each  boundary  element  under  normal  pressure. 
Columns 

1-5  Nodal  point  I 

5-10  Nodal  point  J 

11  -  20  Normal  pressure  at  I 

21-30  Normal  pressure  at  J 

F-2 


The  boundary  element  must  be  on  the  left  as  one  progresses  numerically 
from  I  to  J.    Surface  tensile  force    is  input  as  negative  pressure. 

9 .    END  (A6) 

This  card  must  be  at  the  end  of  the  problem  set  or  after  the  last  set  if 
more  than  one  problem  set  is  to  be  computed. 

PROGRAM  GENERATED  INPUT 

The  nodal  point  cards  and  element  cards  must  be  in  numerical  sequence. 
If  cards  are  omitted  the  program  supplies  the  missing  data  by:  1)    linear  interpola- 
tion of  nodal  points  and  temperatures  between  the  defined  values  with  nodal  point 
type,  XR  and  XZ  set  equal  to  zero,  and  2)  incrementing  I,  J,  K,  and  L  values  by 
one  for  missing  element  information  with  the  material  type  the  same  as  for  the 
last  element  defined. 

NOTE:    The  finite  element  method  as  used  in  this  program  assumes  linear  isotropic 
elasticity.    The  mesh  of  elements  as  defined  in  the  above  instructions  is  assumed 
to  be  of  unit  thickness.    Thus,  loads  must  be  the  total  forces  acting  on  elements 
of  unit  thickness. 

It  also  must  be  noted  that  the  program  is  dimensioned  to  handle  a  maximum 
of  900  elements  and  a  maximum  of  900  nodal  points.    The  greatest  difference  between 
nodal  points  on  any  element  should  not  exceed  29. 
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Extrapolation  of  the  Crack  Growth  Law 
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